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Physical systems made of many interacting quantum particles can often be described by Euler
hydrodynamic equations in the limit of long wavelengths and low frequencies. Recently such a
classical hydrodynamic framework, now dubbed Generalized Hydrodynamics (GHD), was found for
quantum integrable models in one spatial dimension. Despite its great predictive power, GHD, like
any Euler hydrodynamic equation, misses important quantum effects, such as quantum fluctuations
leading to non-zero equal-time correlations, or interferences between the different components of the
fluid. Focusing on the one-dimensional gas of bosons with delta repulsion, and on states of zero en-
tropy, for which quantum fluctuations are larger, we reconstruct such quantum effects by quantizing
GHD. The resulting theory of quantum GHD can be viewed as a multi-component Luttinger liquid
theory, with a small set of effective parameters that are fixed by the Thermodynamic Bethe Ansatz.
Crucially, it describes quantum fluctuations of truly nonequilibrium systems where conventional
Luttinger liquid theory fails. The formalism is illustrated and confirmed in the Tonks-Girardeau
limit by correctly predicting density-density correlations and the quantum entanglement entropy.
The behavior of fluids at very low temperatures is usu-
ally peculiar as the quantum nature of their constituents
dominates over thermal fluctuations. To describe collec-
tive quantum effects, it is customary to start from classi-
cal hydrodynamic equations, and to quantize them. This
path was taken by Landau in 1941 [1] in his develop-
ment of the theory of superfluid helium [2, 3]. Since
then, similar approaches have been developed for vari-
ous other quantum liquids [4, 5], including for instance
Bose-Einstein condensates where quantum fluctuations
are captured by the Bogoliubov theory [6–8], quantum
Hall liquids [9–11], or one-dimensional (1d) quantum flu-
ids described by Luttinger liquid theory [12–14].
The purpose of this Letter is to revisit the quantum
hydrodynamics of 1d integrable models. The Luttinger
liquid theory —which is the quantized hydrodynamic the-
ory of 1d fluids [15] with few conserved quantities such
as charge, magnetization, energy, momentum— captures
the quantum fluctuations of 1d gapless integrable mod-
els at equilibrium [13, 14]. However, the infinitely many
conservation laws play a crucial role in the dynamics of
the fluid [16, 17]. Therefore, when dealing with true out-
of-equilibrium situations, quantum fluctuations are de-
scribed by a more general quantum hydrodynamic the-
ory. In this Letter we identify that theory.
Although our approach applies to arbitrary gapless in-
tegrable models, we focus here on the 1d Bose gas with
delta repulsion [18–20], a theoretical model routinely
used for describing contemporary cold atom experiments
in 1d [21–25]. At the microscopic level, it is defined by the
Hamiltonian for N bosons H =
∑N
i=1[−~
2
2 ∂
2
xi +V (xi)] +
~g¯
∑
i<j δ(xi − xj), where g = ~g¯ > 0 is the repulsion
strength between the bosons and V (x) is an external
trapping potential. We set the mass of the bosons to
1.
The hydrodynamic description of quantum integrable
x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LIgiMsW7AOqSDKd1tBpEjITsRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiKSyvNeC87C4tLySnG1tLa+sblV3t5pyyTPGG+xRCRZNwwkF1HMWypSgnfTjAfjUPBOODrV8c4tz2SUxBdqkvKrcTCMo0HEAkVU8+66X PGqnlnuPPAtqMCuRlJ+wSX6SMCQYwyOGIqwQABJTw8+PKTEXWFKXEYoMnGOe5RIm1MWp4yA2BF9h7TrWTamvfaURs3oFEFvRkoXB6RJKC8jrE9zTTw3zpr9zXtqPPXdJvQPrdeYWIUbYv/SzTL/q9O1KAxQMzVEVFNqGF0dsy 656Yq+ufulKkUOKXEa9ymeEWZGOeuzazTS1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aB9Vfa/qN48r9ZoddRF72MchzfMEdZyjgZbxfsQTnp0zRzjSyT9TnYLV7OLbch4+AGgaj3M=</latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LIgiMsW7AOqSDKd1tBpEjITsRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiKSyvNeC87C4tLySnG1tLa+sblV3t5pyyTPGG+xRCRZNwwkF1HMWypSgnfTjAfjUPBOODrV8c4tz2SUxBdqkvKrcTCMo0HEAkVU8+66X PGqnlnuPPAtqMCuRlJ+wSX6SMCQYwyOGIqwQABJTw8+PKTEXWFKXEYoMnGOe5RIm1MWp4yA2BF9h7TrWTamvfaURs3oFEFvRkoXB6RJKC8jrE9zTTw3zpr9zXtqPPXdJvQPrdeYWIUbYv/SzTL/q9O1KAxQMzVEVFNqGF0dsy 656Yq+ufulKkUOKXEa9ymeEWZGOeuzazTS1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aB9Vfa/qN48r9ZoddRF72MchzfMEdZyjgZbxfsQTnp0zRzjSyT9TnYLV7OLbch4+AGgaj3M=</latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LIgiMsW7AOqSDKd1tBpEjITsRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiKSyvNeC87C4tLySnG1tLa+sblV3t5pyyTPGG+xRCRZNwwkF1HMWypSgnfTjAfjUPBOODrV8c4tz2SUxBdqkvKrcTCMo0HEAkVU8+66X PGqnlnuPPAtqMCuRlJ+wSX6SMCQYwyOGIqwQABJTw8+PKTEXWFKXEYoMnGOe5RIm1MWp4yA2BF9h7TrWTamvfaURs3oFEFvRkoXB6RJKC8jrE9zTTw3zpr9zXtqPPXdJvQPrdeYWIUbYv/SzTL/q9O1KAxQMzVEVFNqGF0dsy 656Yq+ufulKkUOKXEa9ymeEWZGOeuzazTS1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aB9Vfa/qN48r9ZoddRF72MchzfMEdZyjgZbxfsQTnp0zRzjSyT9TnYLV7OLbch4+AGgaj3M=</latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LIgiMsW7AOqSDKd1tBpEjITsRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiKSyvNeC87C4tLySnG1tLa+sblV3t5pyyTPGG+xRCRZNwwkF1HMWypSgnfTjAfjUPBOODrV8c4tz2SUxBdqkvKrcTCMo0HEAkVU8+66X PGqnlnuPPAtqMCuRlJ+wSX6SMCQYwyOGIqwQABJTw8+PKTEXWFKXEYoMnGOe5RIm1MWp4yA2BF9h7TrWTamvfaURs3oFEFvRkoXB6RJKC8jrE9zTTw3zpr9zXtqPPXdJvQPrdeYWIUbYv/SzTL/q9O1KAxQMzVEVFNqGF0dsy 656Yq+ufulKkUOKXEa9ymeEWZGOeuzazTS1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aB9Vfa/qN48r9ZoddRF72MchzfMEdZyjgZbxfsQTnp0zRzjSyT9TnYLV7OLbch4+AGgaj3M=</latexit>
✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgRnBTwT6gFUmm0zY2TeJkItbiyh9wqz8m/oH+hXfGKahFdEKSM+fec2buvX4SBql0nNecNTe/sLiUXy6srK6tbxQ3txppnAnG6ywOY9HyvZSHQcTrMpAhbyWCeyM/5E1/eKzizRsu0iCOzuU44Rcjrx8FvYB5kqhGR w649C6LJafs6GXPAteAEsyqxcUXdNBFDIYMI3BEkIRDeEjpacOFg4S4C0yIE4QCHee4R4G0GWVxyvCIHdK3T7u2YSPaK89UqxmdEtIrSGljjzQx5QnC6jRbxzPtrNjfvCfaU91tTH/feI2IlRgQ+5dumvlfnapFooeKriGgmh LNqOqYccl0V9TN7S9VSXJIiFO4S3FBmGnltM+21qS6dtVbT8ffdKZi1Z6Z3Azv6pY0YPfnOGdB46DsOmX37LBUrZhR57GDXezTPI9QxQlqqJP3FR7xhGfr1Lq2bq27z1QrZzTb+Lashw/dC5Gf</latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgRnBTwT6gFUmm0zY2TeJkItbiyh9wqz8m/oH+hXfGKahFdEKSM+fec2buvX4SBql0nNecNTe/sLiUXy6srK6tbxQ3txppnAnG6ywOY9HyvZSHQcTrMpAhbyWCeyM/5E1/eKzizRsu0iCOzuU44Rcjrx8FvYB5kqhGR w649C6LJafs6GXPAteAEsyqxcUXdNBFDIYMI3BEkIRDeEjpacOFg4S4C0yIE4QCHee4R4G0GWVxyvCIHdK3T7u2YSPaK89UqxmdEtIrSGljjzQx5QnC6jRbxzPtrNjfvCfaU91tTH/feI2IlRgQ+5dumvlfnapFooeKriGgmh LNqOqYccl0V9TN7S9VSXJIiFO4S3FBmGnltM+21qS6dtVbT8ffdKZi1Z6Z3Azv6pY0YPfnOGdB46DsOmX37LBUrZhR57GDXezTPI9QxQlqqJP3FR7xhGfr1Lq2bq27z1QrZzTb+Lashw/dC5Gf</latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgRnBTwT6gFUmm0zY2TeJkItbiyh9wqz8m/oH+hXfGKahFdEKSM+fec2buvX4SBql0nNecNTe/sLiUXy6srK6tbxQ3txppnAnG6ywOY9HyvZSHQcTrMpAhbyWCeyM/5E1/eKzizRsu0iCOzuU44Rcjrx8FvYB5kqhGR w649C6LJafs6GXPAteAEsyqxcUXdNBFDIYMI3BEkIRDeEjpacOFg4S4C0yIE4QCHee4R4G0GWVxyvCIHdK3T7u2YSPaK89UqxmdEtIrSGljjzQx5QnC6jRbxzPtrNjfvCfaU91tTH/feI2IlRgQ+5dumvlfnapFooeKriGgmh LNqOqYccl0V9TN7S9VSXJIiFO4S3FBmGnltM+21qS6dtVbT8ffdKZi1Z6Z3Azv6pY0YPfnOGdB46DsOmX37LBUrZhR57GDXezTPI9QxQlqqJP3FR7xhGfr1Lq2bq27z1QrZzTb+Lashw/dC5Gf</latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgRnBTwT6gFUmm0zY2TeJkItbiyh9wqz8m/oH+hXfGKahFdEKSM+fec2buvX4SBql0nNecNTe/sLiUXy6srK6tbxQ3txppnAnG6ywOY9HyvZSHQcTrMpAhbyWCeyM/5E1/eKzizRsu0iCOzuU44Rcjrx8FvYB5kqhGR w649C6LJafs6GXPAteAEsyqxcUXdNBFDIYMI3BEkIRDeEjpacOFg4S4C0yIE4QCHee4R4G0GWVxyvCIHdK3T7u2YSPaK89UqxmdEtIrSGljjzQx5QnC6jRbxzPtrNjfvCfaU91tTH/feI2IlRgQ+5dumvlfnapFooeKriGgmh LNqOqYccl0V9TN7S9VSXJIiFO4S3FBmGnltM+21qS6dtVbT8ffdKZi1Z6Z3Azv6pY0YPfnOGdB46DsOmX37LBUrZhR57GDXezTPI9QxQlqqJP3FR7xhGfr1Lq2bq27z1QrZzTb+Lashw/dC5Gf</latexit>
 t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgQldSwT7EljKZTmswLyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXiamltfWNzq7y900rjTHLR5HEQy47HUhH4kWgqXwWik0jBQi8Qbe/uVMfb90KmfhxdqXEieiEbRf7Q50wRdd09Y 2HI+qrUL1ecqmOWPQ/cHFSQr0ZcfkEXA8TgyBBCIIIiHIAhpecGLhwkxPUwIU4S8k1cYIoSaTPKEpTBiL2j74h2Nzkb0V57pkbN6ZSAXklKGwekiSlPEtan2SaeGWfN/uY9MZ76bmP6e7lXSKzCLbF/6WaZ/9XpWhSGqJkafK opMYyujucumemKvrn9pSpFDglxGg8oLglzo5z12Taa1NSue8tM/M1kalbveZ6b4V3fkgbs/hznPGgdVV2n6l4eV+q1fNRF7GEfhzTPE9Rxjgaa5B3iEU94ti4sZU2s6WeqVcg1u/i2rIcP6XySZw==</latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgQldSwT7EljKZTmswLyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXiamltfWNzq7y900rjTHLR5HEQy47HUhH4kWgqXwWik0jBQi8Qbe/uVMfb90KmfhxdqXEieiEbRf7Q50wRdd09Y 2HI+qrUL1ecqmOWPQ/cHFSQr0ZcfkEXA8TgyBBCIIIiHIAhpecGLhwkxPUwIU4S8k1cYIoSaTPKEpTBiL2j74h2Nzkb0V57pkbN6ZSAXklKGwekiSlPEtan2SaeGWfN/uY9MZ76bmP6e7lXSKzCLbF/6WaZ/9XpWhSGqJkafK opMYyujucumemKvrn9pSpFDglxGg8oLglzo5z12Taa1NSue8tM/M1kalbveZ6b4V3fkgbs/hznPGgdVV2n6l4eV+q1fNRF7GEfhzTPE9Rxjgaa5B3iEU94ti4sZU2s6WeqVcg1u/i2rIcP6XySZw==</latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgQldSwT7EljKZTmswLyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXiamltfWNzq7y900rjTHLR5HEQy47HUhH4kWgqXwWik0jBQi8Qbe/uVMfb90KmfhxdqXEieiEbRf7Q50wRdd09Y 2HI+qrUL1ecqmOWPQ/cHFSQr0ZcfkEXA8TgyBBCIIIiHIAhpecGLhwkxPUwIU4S8k1cYIoSaTPKEpTBiL2j74h2Nzkb0V57pkbN6ZSAXklKGwekiSlPEtan2SaeGWfN/uY9MZ76bmP6e7lXSKzCLbF/6WaZ/9XpWhSGqJkafK opMYyujucumemKvrn9pSpFDglxGg8oLglzo5z12Taa1NSue8tM/M1kalbveZ6b4V3fkgbs/hznPGgdVV2n6l4eV+q1fNRF7GEfhzTPE9Rxjgaa5B3iEU94ti4sZU2s6WeqVcg1u/i2rIcP6XySZw==</latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgQldSwT7EljKZTmswLyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXiamltfWNzq7y900rjTHLR5HEQy47HUhH4kWgqXwWik0jBQi8Qbe/uVMfb90KmfhxdqXEieiEbRf7Q50wRdd09Y 2HI+qrUL1ecqmOWPQ/cHFSQr0ZcfkEXA8TgyBBCIIIiHIAhpecGLhwkxPUwIU4S8k1cYIoSaTPKEpTBiL2j74h2Nzkb0V57pkbN6ZSAXklKGwekiSlPEtan2SaeGWfN/uY9MZ76bmP6e7lXSKzCLbF/6WaZ/9XpWhSGqJkafK opMYyujucumemKvrn9pSpFDglxGg8oLglzo5z12Taa1NSue8tM/M1kalbveZ6b4V3fkgbs/hznPGgdVV2n6l4eV+q1fNRF7GEfhzTPE9Rxjgaa5B3iEU94ti4sZU2s6WeqVcg1u/i2rIcP6XySZw==</latexit>
(xt(s), ✓t(s))
<latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss=">AAAC2nicjVHLSsNAFD2Nr1pfUXHlJliEF qQkUtBlwY3LCvYBbSlJOm1D0yQkE7EUN+7ErT/gVj9I/AP9C++MU1CL6IQkZ86958zce53I9xJumq8ZbWFxaXklu5pbW9/Y3NK3d+pJmMYuq7mhH8ZNx06Y7wWsxj3us2YUM3vs+KzhjM5EvHHF4sQLg0s+iVhnbA8Cr++5N ieqq+8Vrru8kBSP2nzIuC1xMdfV82bJlMuYB5YCeahVDfUXtNFDCBcpxmAIwAn7sJHQ04IFExFxHUyJiwl5Ms5wgxxpU8pilGETO6LvgHYtxQa0F56JVLt0ik9vTEoDh6QJKS8mLE4zZDyVzoL9zXsqPcXdJvR3lNeYWI4hsX /pZpn/1YlaOPo4lTV4VFMkGVGdq1xS2RVxc+NLVZwcIuIE7lE8JuxK5azPhtQksnbRW1vG32SmYMXeVbkp3sUtacDWz3HOg/pxyTJL1kU5XymrUWexjwMUaJ4nqOAcVdTIe4pHPOFZa2u32p12/5mqZZRmF9+W9vAB0maWjw ==</latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss=">AAAC2nicjVHLSsNAFD2Nr1pfUXHlJliEF qQkUtBlwY3LCvYBbSlJOm1D0yQkE7EUN+7ErT/gVj9I/AP9C++MU1CL6IQkZ86958zce53I9xJumq8ZbWFxaXklu5pbW9/Y3NK3d+pJmMYuq7mhH8ZNx06Y7wWsxj3us2YUM3vs+KzhjM5EvHHF4sQLg0s+iVhnbA8Cr++5N ieqq+8Vrru8kBSP2nzIuC1xMdfV82bJlMuYB5YCeahVDfUXtNFDCBcpxmAIwAn7sJHQ04IFExFxHUyJiwl5Ms5wgxxpU8pilGETO6LvgHYtxQa0F56JVLt0ik9vTEoDh6QJKS8mLE4zZDyVzoL9zXsqPcXdJvR3lNeYWI4hsX /pZpn/1YlaOPo4lTV4VFMkGVGdq1xS2RVxc+NLVZwcIuIE7lE8JuxK5azPhtQksnbRW1vG32SmYMXeVbkp3sUtacDWz3HOg/pxyTJL1kU5XymrUWexjwMUaJ4nqOAcVdTIe4pHPOFZa2u32p12/5mqZZRmF9+W9vAB0maWjw ==</latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss=">AAAC2nicjVHLSsNAFD2Nr1pfUXHlJliEF qQkUtBlwY3LCvYBbSlJOm1D0yQkE7EUN+7ErT/gVj9I/AP9C++MU1CL6IQkZ86958zce53I9xJumq8ZbWFxaXklu5pbW9/Y3NK3d+pJmMYuq7mhH8ZNx06Y7wWsxj3us2YUM3vs+KzhjM5EvHHF4sQLg0s+iVhnbA8Cr++5N ieqq+8Vrru8kBSP2nzIuC1xMdfV82bJlMuYB5YCeahVDfUXtNFDCBcpxmAIwAn7sJHQ04IFExFxHUyJiwl5Ms5wgxxpU8pilGETO6LvgHYtxQa0F56JVLt0ik9vTEoDh6QJKS8mLE4zZDyVzoL9zXsqPcXdJvR3lNeYWI4hsX /pZpn/1YlaOPo4lTV4VFMkGVGdq1xS2RVxc+NLVZwcIuIE7lE8JuxK5azPhtQksnbRW1vG32SmYMXeVbkp3sUtacDWz3HOg/pxyTJL1kU5XymrUWexjwMUaJ4nqOAcVdTIe4pHPOFZa2u32p12/5mqZZRmF9+W9vAB0maWjw ==</latexit><latexit sha1_base64="AFXJE+ly5s2ugUXUcNGujjS4Yss=">AAAC2nicjVHLSsNAFD2Nr1pfUXHlJliEF qQkUtBlwY3LCvYBbSlJOm1D0yQkE7EUN+7ErT/gVj9I/AP9C++MU1CL6IQkZ86958zce53I9xJumq8ZbWFxaXklu5pbW9/Y3NK3d+pJmMYuq7mhH8ZNx06Y7wWsxj3us2YUM3vs+KzhjM5EvHHF4sQLg0s+iVhnbA8Cr++5N ieqq+8Vrru8kBSP2nzIuC1xMdfV82bJlMuYB5YCeahVDfUXtNFDCBcpxmAIwAn7sJHQ04IFExFxHUyJiwl5Ms5wgxxpU8pilGETO6LvgHYtxQa0F56JVLt0ik9vTEoDh6QJKS8mLE4zZDyVzoL9zXsqPcXdJvR3lNeYWI4hsX /pZpn/1YlaOPo4lTV4VFMkGVGdq1xS2RVxc+NLVZwcIuIE7lE8JuxK5azPhtQksnbRW1vG32SmYMXeVbkp3sUtacDWz3HOg/pxyTJL1kU5XymrUWexjwMUaJ4nqOAcVdTIe4pHPOFZa2u32p12/5mqZZRmF9+W9vAB0maWjw ==</latexit>
s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFlwocsqtha0SDKd1tC8mJkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ZufeGeRxJ5XmvJWdufmFxqbxcWVldW9+obm61ZVYIxlssizPRCQPJ4yjlLRWpmHdywYMkjPlVODzR8asRFzLK0ks1znk3CQZp1I9YoIi6kJXba s2re2a5s8C3oAa7mln1BTfoIQNDgQQcKRThGAEkPdfw4SEnrosJcYJQZOIc96iQtqAsThkBsUP6Dmh3bdmU9tpTGjWjU2J6BSld7JEmozxBWJ/mmnhhnDX7m/fEeOq7jekfWq+EWIU7Yv/STTP/q9O1KPRxbGqIqKbcMLo6Zl 0K0xV9c/dLVYoccuI07lFcEGZGOe2zazTS1K57G5j4m8nUrN4zm1vgXd+SBuz/HOcsaB/Ufa/unx/WGod21GXsYBf7NM8jNHCGJlrk3ccjnvDsnDqJo5zRZ6pTspptfFvOwweY+Y9+</latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFlwocsqtha0SDKd1tC8mJkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ZufeGeRxJ5XmvJWdufmFxqbxcWVldW9+obm61ZVYIxlssizPRCQPJ4yjlLRWpmHdywYMkjPlVODzR8asRFzLK0ks1znk3CQZp1I9YoIi6kJXba s2re2a5s8C3oAa7mln1BTfoIQNDgQQcKRThGAEkPdfw4SEnrosJcYJQZOIc96iQtqAsThkBsUP6Dmh3bdmU9tpTGjWjU2J6BSld7JEmozxBWJ/mmnhhnDX7m/fEeOq7jekfWq+EWIU7Yv/STTP/q9O1KPRxbGqIqKbcMLo6Zl 0K0xV9c/dLVYoccuI07lFcEGZGOe2zazTS1K57G5j4m8nUrN4zm1vgXd+SBuz/HOcsaB/Ufa/unx/WGod21GXsYBf7NM8jNHCGJlrk3ccjnvDsnDqJo5zRZ6pTspptfFvOwweY+Y9+</latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFlwocsqtha0SDKd1tC8mJkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ZufeGeRxJ5XmvJWdufmFxqbxcWVldW9+obm61ZVYIxlssizPRCQPJ4yjlLRWpmHdywYMkjPlVODzR8asRFzLK0ks1znk3CQZp1I9YoIi6kJXba s2re2a5s8C3oAa7mln1BTfoIQNDgQQcKRThGAEkPdfw4SEnrosJcYJQZOIc96iQtqAsThkBsUP6Dmh3bdmU9tpTGjWjU2J6BSld7JEmozxBWJ/mmnhhnDX7m/fEeOq7jekfWq+EWIU7Yv/STTP/q9O1KPRxbGqIqKbcMLo6Zl 0K0xV9c/dLVYoccuI07lFcEGZGOe2zazTS1K57G5j4m8nUrN4zm1vgXd+SBuz/HOcsaB/Ufa/unx/WGod21GXsYBf7NM8jNHCGJlrk3ccjnvDsnDqJo5zRZ6pTspptfFvOwweY+Y9+</latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFlwocsqtha0SDKd1tC8mJkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ZufeGeRxJ5XmvJWdufmFxqbxcWVldW9+obm61ZVYIxlssizPRCQPJ4yjlLRWpmHdywYMkjPlVODzR8asRFzLK0ks1znk3CQZp1I9YoIi6kJXba s2re2a5s8C3oAa7mln1BTfoIQNDgQQcKRThGAEkPdfw4SEnrosJcYJQZOIc96iQtqAsThkBsUP6Dmh3bdmU9tpTGjWjU2J6BSld7JEmozxBWJ/mmnhhnDX7m/fEeOq7jekfWq+EWIU7Yv/STTP/q9O1KPRxbGqIqKbcMLo6Zl 0K0xV9c/dLVYoccuI07lFcEGZGOe2zazTS1K57G5j4m8nUrN4zm1vgXd+SBuz/HOcsaB/Ufa/unx/WGod21GXsYBf7NM8jNHCGJlrk3ccjnvDsnDqJo5zRZ6pTspptfFvOwweY+Y9+</latexit>
x
<latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIR7LIgiMsW7AOqSDKd1tBpEjITsRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiKSyvNeC87C4tLySnG1t La+sblV3t5pyyTPGG+xRCRZNwwkF1HMWypSgnfTjAfjUPBOODrV8c4tz2SUxBdqkvKrcTCMo0HEAkVU8+66XPGqnlnuPPAtqMCuRlJ+wSX6SMCQYwyOGIqwQABJTw8+PKTEXWFKXEYoMnGOe5RIm1MWp4yA2BF9h7TrWTamvfaURs3oFEFvRkoXB6RJKC8jrE9zTTw3zpr9zXtqPPXdJvQPrdeYWIUbYv/SzTL/q9O1KAxQMzVEVFNqGF0dsy656Yq+ufulKkUOKXEa9ymeEWZGOeuzazTS1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aB9Vfa/qN48r9ZoddR F72MchzfMEdZyjgZbxfsQTnp0zRzjSyT9TnYLV7OLbch4+AGgaj3M=</latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIR7LIgiMsW7AOqSDKd1tBpEjITsRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiKSyvNeC87C4tLySnG1t La+sblV3t5pyyTPGG+xRCRZNwwkF1HMWypSgnfTjAfjUPBOODrV8c4tz2SUxBdqkvKrcTCMo0HEAkVU8+66XPGqnlnuPPAtqMCuRlJ+wSX6SMCQYwyOGIqwQABJTw8+PKTEXWFKXEYoMnGOe5RIm1MWp4yA2BF9h7TrWTamvfaURs3oFEFvRkoXB6RJKC8jrE9zTTw3zpr9zXtqPPXdJvQPrdeYWIUbYv/SzTL/q9O1KAxQMzVEVFNqGF0dsy656Yq+ufulKkUOKXEa9ymeEWZGOeuzazTS1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aB9Vfa/qN48r9ZoddR F72MchzfMEdZyjgZbxfsQTnp0zRzjSyT9TnYLV7OLbch4+AGgaj3M=</latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIR7LIgiMsW7AOqSDKd1tBpEjITsRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiKSyvNeC87C4tLySnG1t La+sblV3t5pyyTPGG+xRCRZNwwkF1HMWypSgnfTjAfjUPBOODrV8c4tz2SUxBdqkvKrcTCMo0HEAkVU8+66XPGqnlnuPPAtqMCuRlJ+wSX6SMCQYwyOGIqwQABJTw8+PKTEXWFKXEYoMnGOe5RIm1MWp4yA2BF9h7TrWTamvfaURs3oFEFvRkoXB6RJKC8jrE9zTTw3zpr9zXtqPPXdJvQPrdeYWIUbYv/SzTL/q9O1KAxQMzVEVFNqGF0dsy656Yq+ufulKkUOKXEa9ymeEWZGOeuzazTS1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aB9Vfa/qN48r9ZoddR F72MchzfMEdZyjgZbxfsQTnp0zRzjSyT9TnYLV7OLbch4+AGgaj3M=</latexit><latexit sha1_base64="6CHQZZ5vhXu5c7MjdlJAUaULUk0=">AAACxHicjVHLSsNAFD2Nr1pfVZdugkVwVRIR7LIgiMsW7AOqSDKd1tBpEjITsRT9Abf6beIf6F94Z5yCWkQnJDlz7j1n5t4bpiKSyvNeC87C4tLySnG1t La+sblV3t5pyyTPGG+xRCRZNwwkF1HMWypSgnfTjAfjUPBOODrV8c4tz2SUxBdqkvKrcTCMo0HEAkVU8+66XPGqnlnuPPAtqMCuRlJ+wSX6SMCQYwyOGIqwQABJTw8+PKTEXWFKXEYoMnGOe5RIm1MWp4yA2BF9h7TrWTamvfaURs3oFEFvRkoXB6RJKC8jrE9zTTw3zpr9zXtqPPXdJvQPrdeYWIUbYv/SzTL/q9O1KAxQMzVEVFNqGF0dsy656Yq+ufulKkUOKXEa9ymeEWZGOeuzazTS1K57G5j4m8nUrN4zm5vjXd+SBuz/HOc8aB9Vfa/qN48r9ZoddR F72MchzfMEdZyjgZbxfsQTnp0zRzjSyT9TnYLV7OLbch4+AGgaj3M=</latexit>
✓
<latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgRnBTwT6gFUmm0zY2TeJkItbiyh9wqz8m/oH+hXfGKahFdEKSM+fec2buvX4SBql0nNecNTe/sLiUXy6srK6tbxQ3txppnAnG6ywOY9HyvZSHQcTrMpAhbyWCeyM/5E1/eKzizRsu0iCOzuU44Rcjrx8FvYB5kqhGR w649C6LJafs6GXPAteAEsyqxcUXdNBFDIYMI3BEkIRDeEjpacOFg4S4C0yIE4QCHee4R4G0GWVxyvCIHdK3T7u2YSPaK89UqxmdEtIrSGljjzQx5QnC6jRbxzPtrNjfvCfaU91tTH/feI2IlRgQ+5dumvlfnapFooeKriGgmh LNqOqYccl0V9TN7S9VSXJIiFO4S3FBmGnltM+21qS6dtVbT8ffdKZi1Z6Z3Azv6pY0YPfnOGdB46DsOmX37LBUrZhR57GDXezTPI9QxQlqqJP3FR7xhGfr1Lq2bq27z1QrZzTb+Lashw/dC5Gf</latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgRnBTwT6gFUmm0zY2TeJkItbiyh9wqz8m/oH+hXfGKahFdEKSM+fec2buvX4SBql0nNecNTe/sLiUXy6srK6tbxQ3txppnAnG6ywOY9HyvZSHQcTrMpAhbyWCeyM/5E1/eKzizRsu0iCOzuU44Rcjrx8FvYB5kqhGR w649C6LJafs6GXPAteAEsyqxcUXdNBFDIYMI3BEkIRDeEjpacOFg4S4C0yIE4QCHee4R4G0GWVxyvCIHdK3T7u2YSPaK89UqxmdEtIrSGljjzQx5QnC6jRbxzPtrNjfvCfaU91tTH/feI2IlRgQ+5dumvlfnapFooeKriGgmh LNqOqYccl0V9TN7S9VSXJIiFO4S3FBmGnltM+21qS6dtVbT8ffdKZi1Z6Z3Azv6pY0YPfnOGdB46DsOmX37LBUrZhR57GDXezTPI9QxQlqqJP3FR7xhGfr1Lq2bq27z1QrZzTb+Lashw/dC5Gf</latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgRnBTwT6gFUmm0zY2TeJkItbiyh9wqz8m/oH+hXfGKahFdEKSM+fec2buvX4SBql0nNecNTe/sLiUXy6srK6tbxQ3txppnAnG6ywOY9HyvZSHQcTrMpAhbyWCeyM/5E1/eKzizRsu0iCOzuU44Rcjrx8FvYB5kqhGR w649C6LJafs6GXPAteAEsyqxcUXdNBFDIYMI3BEkIRDeEjpacOFg4S4C0yIE4QCHee4R4G0GWVxyvCIHdK3T7u2YSPaK89UqxmdEtIrSGljjzQx5QnC6jRbxzPtrNjfvCfaU91tTH/feI2IlRgQ+5dumvlfnapFooeKriGgmh LNqOqYccl0V9TN7S9VSXJIiFO4S3FBmGnltM+21qS6dtVbT8ffdKZi1Z6Z3Azv6pY0YPfnOGdB46DsOmX37LBUrZhR57GDXezTPI9QxQlqqJP3FR7xhGfr1Lq2bq27z1QrZzTb+Lashw/dC5Gf</latexit><latexit sha1_base64="6fm6vKIG+k77utx5OwcqRXqeAqM=">AAACyXicjVHLSsNAFD2Nr1pfVZdugkVwV RIR7LLgRnBTwT6gFUmm0zY2TeJkItbiyh9wqz8m/oH+hXfGKahFdEKSM+fec2buvX4SBql0nNecNTe/sLiUXy6srK6tbxQ3txppnAnG6ywOY9HyvZSHQcTrMpAhbyWCeyM/5E1/eKzizRsu0iCOzuU44Rcjrx8FvYB5kqhGR w649C6LJafs6GXPAteAEsyqxcUXdNBFDIYMI3BEkIRDeEjpacOFg4S4C0yIE4QCHee4R4G0GWVxyvCIHdK3T7u2YSPaK89UqxmdEtIrSGljjzQx5QnC6jRbxzPtrNjfvCfaU91tTH/feI2IlRgQ+5dumvlfnapFooeKriGgmh LNqOqYccl0V9TN7S9VSXJIiFO4S3FBmGnltM+21qS6dtVbT8ffdKZi1Z6Z3Azv6pY0YPfnOGdB46DsOmX37LBUrZhR57GDXezTPI9QxQlqqJP3FR7xhGfr1Lq2bq27z1QrZzTb+Lashw/dC5Gf</latexit>
 t
<latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVRIR7LLgQldSwT7EljKZTmswLyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXia mltfWNzq7y900rjTHLR5HEQy47HUhH4kWgqXwWik0jBQi8Qbe/uVMfb90KmfhxdqXEieiEbRf7Q50wRdd09Y2HI+qrUL1ecqmOWPQ/cHFSQr0ZcfkEXA8TgyBBCIIIiHIAhpecGLhwkxPUwIU4S8k1cYIoSaTPKEpTBiL2j74h2Nzkb0V57pkbN6ZSAXklKGwekiSlPEtan2SaeGWfN/uY9MZ76bmP6e7lXSKzCLbF/6WaZ/9XpWhSGqJkafKopMYyujucumemKvrn9pSpFDglxGg8oLglzo5z12Taa1NSue8tM/M1kalbveZ6b4V3fkgbs/hznPGgdVV2n6l 4eV+q1fNRF7GEfhzTPE9Rxjgaa5B3iEU94ti4sZU2s6WeqVcg1u/i2rIcP6XySZw==</latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVRIR7LLgQldSwT7EljKZTmswLyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXia mltfWNzq7y900rjTHLR5HEQy47HUhH4kWgqXwWik0jBQi8Qbe/uVMfb90KmfhxdqXEieiEbRf7Q50wRdd09Y2HI+qrUL1ecqmOWPQ/cHFSQr0ZcfkEXA8TgyBBCIIIiHIAhpecGLhwkxPUwIU4S8k1cYIoSaTPKEpTBiL2j74h2Nzkb0V57pkbN6ZSAXklKGwekiSlPEtan2SaeGWfN/uY9MZ76bmP6e7lXSKzCLbF/6WaZ/9XpWhSGqJkafKopMYyujucumemKvrn9pSpFDglxGg8oLglzo5z12Taa1NSue8tM/M1kalbveZ6b4V3fkgbs/hznPGgdVV2n6l 4eV+q1fNRF7GEfhzTPE9Rxjgaa5B3iEU94ti4sZU2s6WeqVcg1u/i2rIcP6XySZw==</latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVRIR7LLgQldSwT7EljKZTmswLyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXia mltfWNzq7y900rjTHLR5HEQy47HUhH4kWgqXwWik0jBQi8Qbe/uVMfb90KmfhxdqXEieiEbRf7Q50wRdd09Y2HI+qrUL1ecqmOWPQ/cHFSQr0ZcfkEXA8TgyBBCIIIiHIAhpecGLhwkxPUwIU4S8k1cYIoSaTPKEpTBiL2j74h2Nzkb0V57pkbN6ZSAXklKGwekiSlPEtan2SaeGWfN/uY9MZ76bmP6e7lXSKzCLbF/6WaZ/9XpWhSGqJkafKopMYyujucumemKvrn9pSpFDglxGg8oLglzo5z12Taa1NSue8tM/M1kalbveZ6b4V3fkgbs/hznPGgdVV2n6l 4eV+q1fNRF7GEfhzTPE9Rxjgaa5B3iEU94ti4sZU2s6WeqVcg1u/i2rIcP6XySZw==</latexit><latexit sha1_base64="SizGX757Eam59KB/s6A2Dw1aaYg=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwVRIR7LLgQldSwT7EljKZTmswLyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXia mltfWNzq7y900rjTHLR5HEQy47HUhH4kWgqXwWik0jBQi8Qbe/uVMfb90KmfhxdqXEieiEbRf7Q50wRdd09Y2HI+qrUL1ecqmOWPQ/cHFSQr0ZcfkEXA8TgyBBCIIIiHIAhpecGLhwkxPUwIU4S8k1cYIoSaTPKEpTBiL2j74h2Nzkb0V57pkbN6ZSAXklKGwekiSlPEtan2SaeGWfN/uY9MZ76bmP6e7lXSKzCLbF/6WaZ/9XpWhSGqJkafKopMYyujucumemKvrn9pSpFDglxGg8oLglzo5z12Taa1NSue8tM/M1kalbveZ6b4V3fkgbs/hznPGgdVV2n6l 4eV+q1fNRF7GEfhzTPE9Rxjgaa5B3iEU94ti4sZU2s6WeqVcg1u/i2rIcP6XySZw==</latexit>
s
<latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFlwocsqtha0SDKd1tC8mJkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ZufeGeRxJ5XmvJWdufmFxqbxcWVldW9+obm61ZVYIxlssizPRCQPJ4yjlLRWpmHdywYMkjPlVODzR8asRFzLK0ks1znk3CQZp1I9YoIi6kJXba s2re2a5s8C3oAa7mln1BTfoIQNDgQQcKRThGAEkPdfw4SEnrosJcYJQZOIc96iQtqAsThkBsUP6Dmh3bdmU9tpTGjWjU2J6BSld7JEmozxBWJ/mmnhhnDX7m/fEeOq7jekfWq+EWIU7Yv/STTP/q9O1KPRxbGqIqKbcMLo6Zl 0K0xV9c/dLVYoccuI07lFcEGZGOe2zazTS1K57G5j4m8nUrN4zm1vgXd+SBuz/HOcsaB/Ufa/unx/WGod21GXsYBf7NM8jNHCGJlrk3ccjnvDsnDqJo5zRZ6pTspptfFvOwweY+Y9+</latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFlwocsqtha0SDKd1tC8mJkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ZufeGeRxJ5XmvJWdufmFxqbxcWVldW9+obm61ZVYIxlssizPRCQPJ4yjlLRWpmHdywYMkjPlVODzR8asRFzLK0ks1znk3CQZp1I9YoIi6kJXba s2re2a5s8C3oAa7mln1BTfoIQNDgQQcKRThGAEkPdfw4SEnrosJcYJQZOIc96iQtqAsThkBsUP6Dmh3bdmU9tpTGjWjU2J6BSld7JEmozxBWJ/mmnhhnDX7m/fEeOq7jekfWq+EWIU7Yv/STTP/q9O1KPRxbGqIqKbcMLo6Zl 0K0xV9c/dLVYoccuI07lFcEGZGOe2zazTS1K57G5j4m8nUrN4zm1vgXd+SBuz/HOcsaB/Ufa/unx/WGod21GXsYBf7NM8jNHCGJlrk3ccjnvDsnDqJo5zRZ6pTspptfFvOwweY+Y9+</latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFlwocsqtha0SDKd1tC8mJkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ZufeGeRxJ5XmvJWdufmFxqbxcWVldW9+obm61ZVYIxlssizPRCQPJ4yjlLRWpmHdywYMkjPlVODzR8asRFzLK0ks1znk3CQZp1I9YoIi6kJXba s2re2a5s8C3oAa7mln1BTfoIQNDgQQcKRThGAEkPdfw4SEnrosJcYJQZOIc96iQtqAsThkBsUP6Dmh3bdmU9tpTGjWjU2J6BSld7JEmozxBWJ/mmnhhnDX7m/fEeOq7jekfWq+EWIU7Yv/STTP/q9O1KPRxbGqIqKbcMLo6Zl 0K0xV9c/dLVYoccuI07lFcEGZGOe2zazTS1K57G5j4m8nUrN4zm1vgXd+SBuz/HOcsaB/Ufa/unx/WGod21GXsYBf7NM8jNHCGJlrk3ccjnvDsnDqJo5zRZ6pTspptfFvOwweY+Y9+</latexit><latexit sha1_base64="So0M5ViOIsaNHZ9e4tC5AdbpIYw=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdFlwocsqtha0SDKd1tC8mJkUShF/wK3+mvgH+hfeGaegFtEJSc6ce8+ZufeGeRxJ5XmvJWdufmFxqbxcWVldW9+obm61ZVYIxlssizPRCQPJ4yjlLRWpmHdywYMkjPlVODzR8asRFzLK0ks1znk3CQZp1I9YoIi6kJXba s2re2a5s8C3oAa7mln1BTfoIQNDgQQcKRThGAEkPdfw4SEnrosJcYJQZOIc96iQtqAsThkBsUP6Dmh3bdmU9tpTGjWjU2J6BSld7JEmozxBWJ/mmnhhnDX7m/fEeOq7jekfWq+EWIU7Yv/STTP/q9O1KPRxbGqIqKbcMLo6Zl 0K0xV9c/dLVYoccuI07lFcEGZGOe2zazTS1K57G5j4m8nUrN4zm1vgXd+SBuz/HOcsaB/Ufa/unx/WGod21GXsYBf7NM8jNHCGJlrk3ccjnvDsnDqJo5zRZ6pTspptfFvOwweY+Y9+</latexit>
x
<latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdVlwocsq9gG1SDK d1qF5MZkUSxF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7eaaZxJxhssDmLZ9r2UByLiDSVUwNuJ5F7oB7zlD091vDXiMhVxdKXGCe+G3iASfcE8RdTlXemmXHGqjln2LHBzUEG+6nH5BdfoIQZDhhAcERThAB5Sejpw4SAhrosJcZK QMHGOe5RIm1EWpwyP2CF9B7Tr5GxEe+2ZGjWjUwJ6JSlt7JEmpjxJWJ9mm3hmnDX7m/fEeOq7jenv514hsQq3xP6lm2b+V6drUejjxNQgqKbEMLo6lrtkpiv65vaXqhQ5JMRp3KO4JMyMctpn22hSU7vurWfibyZTs3rP8twM7/qWNGD35zhnQfOg6jpV9+KwUjvKR13EDna xT/M8Rg3nqKNB3n084gnP1pkVWsoafaZahVyzjW/LevgApXiPhQ==</latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdVlwocsq9gG1SDK d1qF5MZkUSxF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7eaaZxJxhssDmLZ9r2UByLiDSVUwNuJ5F7oB7zlD091vDXiMhVxdKXGCe+G3iASfcE8RdTlXemmXHGqjln2LHBzUEG+6nH5BdfoIQZDhhAcERThAB5Sejpw4SAhrosJcZK QMHGOe5RIm1EWpwyP2CF9B7Tr5GxEe+2ZGjWjUwJ6JSlt7JEmpjxJWJ9mm3hmnDX7m/fEeOq7jenv514hsQq3xP6lm2b+V6drUejjxNQgqKbEMLo6lrtkpiv65vaXqhQ5JMRp3KO4JMyMctpn22hSU7vurWfibyZTs3rP8twM7/qWNGD35zhnQfOg6jpV9+KwUjvKR13EDna xT/M8Rg3nqKNB3n084gnP1pkVWsoafaZahVyzjW/LevgApXiPhQ==</latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdVlwocsq9gG1SDK d1qF5MZkUSxF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7eaaZxJxhssDmLZ9r2UByLiDSVUwNuJ5F7oB7zlD091vDXiMhVxdKXGCe+G3iASfcE8RdTlXemmXHGqjln2LHBzUEG+6nH5BdfoIQZDhhAcERThAB5Sejpw4SAhrosJcZK QMHGOe5RIm1EWpwyP2CF9B7Tr5GxEe+2ZGjWjUwJ6JSlt7JEmpjxJWJ9mm3hmnDX7m/fEeOq7jenv514hsQq3xP6lm2b+V6drUejjxNQgqKbEMLo6lrtkpiv65vaXqhQ5JMRp3KO4JMyMctpn22hSU7vurWfibyZTs3rP8twM7/qWNGD35zhnQfOg6jpV9+KwUjvKR13EDna xT/M8Rg3nqKNB3n084gnP1pkVWsoafaZahVyzjW/LevgApXiPhQ==</latexit><latexit sha1_base64="DYAcnbDwieM+34SWpiDUISXKSPA=">AAACxXicjVHLSsNAFD2Nr1pfVZdugkVwVRIRdVlwocsq9gG1SDK d1qF5MZkUSxF/wK3+mvgH+hfeGVNQi+iEJGfOvefM3Hv9JBCpcpzXgjU3v7C4VFwurayurW+UN7eaaZxJxhssDmLZ9r2UByLiDSVUwNuJ5F7oB7zlD091vDXiMhVxdKXGCe+G3iASfcE8RdTlXemmXHGqjln2LHBzUEG+6nH5BdfoIQZDhhAcERThAB5Sejpw4SAhrosJcZK QMHGOe5RIm1EWpwyP2CF9B7Tr5GxEe+2ZGjWjUwJ6JSlt7JEmpjxJWJ9mm3hmnDX7m/fEeOq7jenv514hsQq3xP6lm2b+V6drUejjxNQgqKbEMLo6lrtkpiv65vaXqhQ5JMRp3KO4JMyMctpn22hSU7vurWfibyZTs3rP8twM7/qWNGD35zhnQfOg6jpV9+KwUjvKR13EDna xT/M8Rg3nqKNB3n084gnP1pkVWsoafaZahVyzjW/LevgApXiPhQ==</latexit>
x+ dx
<latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkUQhJKIqMuCG3FVwbSFWiS ZTutgmoTJRFuKG3/ArX6Z+Af6F94ZU1CL6IQkZ86958zce4MkFKlynNeCNTM7N79QXCwtLa+srpXXNxppnEnGPRaHsWwFfspDEXFPCRXyViK5PwhC3gxuTnS8ectlKuLoQo0S3hn4/Uj0BPMVUd5wrzssXZUrTtUxy54Gbg4qyFc9Lr/gEl3EYMgwAEcERTiEj5SeNlw4SIj rYEycJCRMnOMeJdJmlMUpwyf2hr592rVzNqK99kyNmtEpIb2SlDZ2SBNTniSsT7NNPDPOmv3Ne2w89d1G9A9yrwGxCtfE/qWbZP5Xp2tR6OHY1CCopsQwujqWu2SmK/rm9peqFDkkxGncpbgkzIxy0mfbaFJTu+6tb+JvJlOzes/y3Azv+pY0YPfnOKdBY7/qOlX3/KBSO8xH XcQWtrFL8zxCDaeowyNvgUc84dk6sxLrzhp9plqFXLOJb8t6+ACKupCq</latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkUQhJKIqMuCG3FVwbSFWiS ZTutgmoTJRFuKG3/ArX6Z+Af6F94ZU1CL6IQkZ86958zce4MkFKlynNeCNTM7N79QXCwtLa+srpXXNxppnEnGPRaHsWwFfspDEXFPCRXyViK5PwhC3gxuTnS8ectlKuLoQo0S3hn4/Uj0BPMVUd5wrzssXZUrTtUxy54Gbg4qyFc9Lr/gEl3EYMgwAEcERTiEj5SeNlw4SIj rYEycJCRMnOMeJdJmlMUpwyf2hr592rVzNqK99kyNmtEpIb2SlDZ2SBNTniSsT7NNPDPOmv3Ne2w89d1G9A9yrwGxCtfE/qWbZP5Xp2tR6OHY1CCopsQwujqWu2SmK/rm9peqFDkkxGncpbgkzIxy0mfbaFJTu+6tb+JvJlOzes/y3Azv+pY0YPfnOKdBY7/qOlX3/KBSO8xH XcQWtrFL8zxCDaeowyNvgUc84dk6sxLrzhp9plqFXLOJb8t6+ACKupCq</latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkUQhJKIqMuCG3FVwbSFWiS ZTutgmoTJRFuKG3/ArX6Z+Af6F94ZU1CL6IQkZ86958zce4MkFKlynNeCNTM7N79QXCwtLa+srpXXNxppnEnGPRaHsWwFfspDEXFPCRXyViK5PwhC3gxuTnS8ectlKuLoQo0S3hn4/Uj0BPMVUd5wrzssXZUrTtUxy54Gbg4qyFc9Lr/gEl3EYMgwAEcERTiEj5SeNlw4SIj rYEycJCRMnOMeJdJmlMUpwyf2hr592rVzNqK99kyNmtEpIb2SlDZ2SBNTniSsT7NNPDPOmv3Ne2w89d1G9A9yrwGxCtfE/qWbZP5Xp2tR6OHY1CCopsQwujqWu2SmK/rm9peqFDkkxGncpbgkzIxy0mfbaFJTu+6tb+JvJlOzes/y3Azv+pY0YPfnOKdBY7/qOlX3/KBSO8xH XcQWtrFL8zxCDaeowyNvgUc84dk6sxLrzhp9plqFXLOJb8t6+ACKupCq</latexit><latexit sha1_base64="sgj5+SF98RyRZRBciep5TqvmINg=">AAACyHicjVHLSsNAFD2Nr1pfVZdugkUQhJKIqMuCG3FVwbSFWiS ZTutgmoTJRFuKG3/ArX6Z+Af6F94ZU1CL6IQkZ86958zce4MkFKlynNeCNTM7N79QXCwtLa+srpXXNxppnEnGPRaHsWwFfspDEXFPCRXyViK5PwhC3gxuTnS8ectlKuLoQo0S3hn4/Uj0BPMVUd5wrzssXZUrTtUxy54Gbg4qyFc9Lr/gEl3EYMgwAEcERTiEj5SeNlw4SIj rYEycJCRMnOMeJdJmlMUpwyf2hr592rVzNqK99kyNmtEpIb2SlDZ2SBNTniSsT7NNPDPOmv3Ne2w89d1G9A9yrwGxCtfE/qWbZP5Xp2tR6OHY1CCopsQwujqWu2SmK/rm9peqFDkkxGncpbgkzIxy0mfbaFJTu+6tb+JvJlOzes/y3Azv+pY0YPfnOKdBY7/qOlX3/KBSO8xH XcQWtrFL8zxCDaeowyNvgUc84dk6sxLrzhp9plqFXLOJb8t6+ACKupCq</latexit>
✓1
<latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdVlw40oq2IfYUpLptB3Mi8lEKKVbf8Ctfpf4B/oX3hlTUIvohCRnzr3nzNx7/SQQqXKc14K1sLi0vFJcLa2tb2xulbd3mmmcScYbLA5i2fa9lAci4g0lVMDbieRe6Ae85d+d63jrnstUxNG1Gie8G3rDSAwE8xRRNx014 srruaVeueJUHbPseeDmoIJ81ePyCzroIwZDhhAcERThAB5Sem7hwkFCXBcT4iQhYeIcU5RIm1EWpwyP2Dv6Dml3m7MR7bVnatSMTgnolaS0cUCamPIkYX2abeKZcdbsb94T46nvNqa/n3uFxCqMiP1LN8v8r07XojDAmalBUE 2JYXR1LHfJTFf0ze0vVSlySIjTuE9xSZgZ5azPttGkpnbdW8/E30ymZvWe5bkZ3vUtacDuz3HOg+ZR1XWq7tVxpXaSj7qIPezjkOZ5ihouUEeDvEM84gnP1qWlrIk1/Uy1CrlmF9+W9fABw/iSVQ==</latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdVlw40oq2IfYUpLptB3Mi8lEKKVbf8Ctfpf4B/oX3hlTUIvohCRnzr3nzNx7/SQQqXKc14K1sLi0vFJcLa2tb2xulbd3mmmcScYbLA5i2fa9lAci4g0lVMDbieRe6Ae85d+d63jrnstUxNG1Gie8G3rDSAwE8xRRNx014 srruaVeueJUHbPseeDmoIJ81ePyCzroIwZDhhAcERThAB5Sem7hwkFCXBcT4iQhYeIcU5RIm1EWpwyP2Dv6Dml3m7MR7bVnatSMTgnolaS0cUCamPIkYX2abeKZcdbsb94T46nvNqa/n3uFxCqMiP1LN8v8r07XojDAmalBUE 2JYXR1LHfJTFf0ze0vVSlySIjTuE9xSZgZ5azPttGkpnbdW8/E30ymZvWe5bkZ3vUtacDuz3HOg+ZR1XWq7tVxpXaSj7qIPezjkOZ5ihouUEeDvEM84gnP1qWlrIk1/Uy1CrlmF9+W9fABw/iSVQ==</latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdVlw40oq2IfYUpLptB3Mi8lEKKVbf8Ctfpf4B/oX3hlTUIvohCRnzr3nzNx7/SQQqXKc14K1sLi0vFJcLa2tb2xulbd3mmmcScYbLA5i2fa9lAci4g0lVMDbieRe6Ae85d+d63jrnstUxNG1Gie8G3rDSAwE8xRRNx014 srruaVeueJUHbPseeDmoIJ81ePyCzroIwZDhhAcERThAB5Sem7hwkFCXBcT4iQhYeIcU5RIm1EWpwyP2Dv6Dml3m7MR7bVnatSMTgnolaS0cUCamPIkYX2abeKZcdbsb94T46nvNqa/n3uFxCqMiP1LN8v8r07XojDAmalBUE 2JYXR1LHfJTFf0ze0vVSlySIjTuE9xSZgZ5azPttGkpnbdW8/E30ymZvWe5bkZ3vUtacDuz3HOg+ZR1XWq7tVxpXaSj7qIPezjkOZ5ihouUEeDvEM84gnP1qWlrIk1/Uy1CrlmF9+W9fABw/iSVQ==</latexit><latexit sha1_base64="OzSaw+9e+wajcomwXB0mjiptewA=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIRdVlw40oq2IfYUpLptB3Mi8lEKKVbf8Ctfpf4B/oX3hlTUIvohCRnzr3nzNx7/SQQqXKc14K1sLi0vFJcLa2tb2xulbd3mmmcScYbLA5i2fa9lAci4g0lVMDbieRe6Ae85d+d63jrnstUxNG1Gie8G3rDSAwE8xRRNx014 srruaVeueJUHbPseeDmoIJ81ePyCzroIwZDhhAcERThAB5Sem7hwkFCXBcT4iQhYeIcU5RIm1EWpwyP2Dv6Dml3m7MR7bVnatSMTgnolaS0cUCamPIkYX2abeKZcdbsb94T46nvNqa/n3uFxCqMiP1LN8v8r07XojDAmalBUE 2JYXR1LHfJTFf0ze0vVSlySIjTuE9xSZgZ5azPttGkpnbdW8/E30ymZvWe5bkZ3vUtacDuz3HOg+ZR1XWq7tVxpXaSj7qIPezjkOZ5ihouUEeDvEM84gnP1qWlrIk1/Uy1CrlmF9+W9fABw/iSVQ==</latexit>
✓2
<latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV ZIi6rLgxpVUsK3Sikym0zY0LyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXiamltfWNzq7y900rjTHLR5HEQy2uPpSLwI9FUvgrEdSIFC71AtL3RmY6374VM/Ti6UuNE3IZsEPl9nzNF1E1XD YVid7XSXbniVB2z7Hng5qCCfDXi8gu66CEGR4YQAhEU4QAMKT0duHCQEHeLCXGSkG/iAlOUSJtRlqAMRuyIvgPadXI2or32TI2a0ykBvZKUNg5IE1OeJKxPs008M86a/c17Yjz13cb093KvkFiFIbF/6WaZ/9XpWhT6ODU1+F RTYhhdHc9dMtMVfXP7S1WKHBLiNO5RXBLmRjnrs200qald95aZ+JvJ1Kze8zw3w7u+JQ3Y/TnOedCqVV2n6l4eVerH+aiL2MM+DmmeJ6jjHA00yTvEI57wbF1YyppY089Uq5BrdvFtWQ8fxlmSVg==</latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV ZIi6rLgxpVUsK3Sikym0zY0LyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXiamltfWNzq7y900rjTHLR5HEQy2uPpSLwI9FUvgrEdSIFC71AtL3RmY6374VM/Ti6UuNE3IZsEPl9nzNF1E1XD YVid7XSXbniVB2z7Hng5qCCfDXi8gu66CEGR4YQAhEU4QAMKT0duHCQEHeLCXGSkG/iAlOUSJtRlqAMRuyIvgPadXI2or32TI2a0ykBvZKUNg5IE1OeJKxPs008M86a/c17Yjz13cb093KvkFiFIbF/6WaZ/9XpWhT6ODU1+F RTYhhdHc9dMtMVfXP7S1WKHBLiNO5RXBLmRjnrs200qald95aZ+JvJ1Kze8zw3w7u+JQ3Y/TnOedCqVV2n6l4eVerH+aiL2MM+DmmeJ6jjHA00yTvEI57wbF1YyppY089Uq5BrdvFtWQ8fxlmSVg==</latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV ZIi6rLgxpVUsK3Sikym0zY0LyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXiamltfWNzq7y900rjTHLR5HEQy2uPpSLwI9FUvgrEdSIFC71AtL3RmY6374VM/Ti6UuNE3IZsEPl9nzNF1E1XD YVid7XSXbniVB2z7Hng5qCCfDXi8gu66CEGR4YQAhEU4QAMKT0duHCQEHeLCXGSkG/iAlOUSJtRlqAMRuyIvgPadXI2or32TI2a0ykBvZKUNg5IE1OeJKxPs008M86a/c17Yjz13cb093KvkFiFIbF/6WaZ/9XpWhT6ODU1+F RTYhhdHc9dMtMVfXP7S1WKHBLiNO5RXBLmRjnrs200qald95aZ+JvJ1Kze8zw3w7u+JQ3Y/TnOedCqVV2n6l4eVerH+aiL2MM+DmmeJ6jjHA00yTvEI57wbF1YyppY089Uq5BrdvFtWQ8fxlmSVg==</latexit><latexit sha1_base64="5FeuDvHsxeJbbG+FbhwBG6bCoCk=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV ZIi6rLgxpVUsK3Sikym0zY0LyYToZRu/QG3+l3iH+hfeGdMQS2iE5KcOfeeM3Pv9ZLAT5XjvBashcWl5ZXiamltfWNzq7y900rjTHLR5HEQy2uPpSLwI9FUvgrEdSIFC71AtL3RmY6374VM/Ti6UuNE3IZsEPl9nzNF1E1XD YVid7XSXbniVB2z7Hng5qCCfDXi8gu66CEGR4YQAhEU4QAMKT0duHCQEHeLCXGSkG/iAlOUSJtRlqAMRuyIvgPadXI2or32TI2a0ykBvZKUNg5IE1OeJKxPs008M86a/c17Yjz13cb093KvkFiFIbF/6WaZ/9XpWhT6ODU1+F RTYhhdHc9dMtMVfXP7S1WKHBLiNO5RXBLmRjnrs200qald95aZ+JvJ1Kze8zw3w7u+JQ3Y/TnOedCqVV2n6l4eVerH+aiL2MM+DmmeJ6jjHA00yTvEI57wbF1YyppY089Uq5BrdvFtWQ8fxlmSVg==</latexit>
✓3
<latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIVdVlw40oq2IfUUpLptB3Mi2QilNKtP+BWv0v8A/0L74xT8IHohCRnzr3nzNx7/SQQmXScl4I1N7+wuFRcLq2srq1vlDe3mlmcp4w3WBzEadv3Mh6IiDekkAFvJyn3Qj/gLf/2TMVbdzzNRBxdyXHCu6E3jMRAME8SdX0jR 1x6vcNSr1xxqo5e9k/gGlCBWfW4/Iwb9BGDIUcIjgiScAAPGT0duHCQENfFhLiUkNBxjilKpM0pi1OGR+wtfYe06xg2or3yzLSa0SkBvSkpbeyRJqa8lLA6zdbxXDsr9jfvifZUdxvT3zdeIbESI2L/0s0y/6tTtUgMcKprEF RTohlVHTMuue6Kurn9qSpJDglxCvcpnhJmWjnrs601ma5d9dbT8VedqVi1ZyY3x5u6JQ3Y/T7On6B5UHWdqnt5VKkdm1EXsYNd7NM8T1DDOepokHeIBzziybqwpDWxph+pVsFotvFlWffvyLqSVw==</latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIVdVlw40oq2IfUUpLptB3Mi2QilNKtP+BWv0v8A/0L74xT8IHohCRnzr3nzNx7/SQQmXScl4I1N7+wuFRcLq2srq1vlDe3mlmcp4w3WBzEadv3Mh6IiDekkAFvJyn3Qj/gLf/2TMVbdzzNRBxdyXHCu6E3jMRAME8SdX0jR 1x6vcNSr1xxqo5e9k/gGlCBWfW4/Iwb9BGDIUcIjgiScAAPGT0duHCQENfFhLiUkNBxjilKpM0pi1OGR+wtfYe06xg2or3yzLSa0SkBvSkpbeyRJqa8lLA6zdbxXDsr9jfvifZUdxvT3zdeIbESI2L/0s0y/6tTtUgMcKprEF RTohlVHTMuue6Kurn9qSpJDglxCvcpnhJmWjnrs601ma5d9dbT8VedqVi1ZyY3x5u6JQ3Y/T7On6B5UHWdqnt5VKkdm1EXsYNd7NM8T1DDOepokHeIBzziybqwpDWxph+pVsFotvFlWffvyLqSVw==</latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIVdVlw40oq2IfUUpLptB3Mi2QilNKtP+BWv0v8A/0L74xT8IHohCRnzr3nzNx7/SQQmXScl4I1N7+wuFRcLq2srq1vlDe3mlmcp4w3WBzEadv3Mh6IiDekkAFvJyn3Qj/gLf/2TMVbdzzNRBxdyXHCu6E3jMRAME8SdX0jR 1x6vcNSr1xxqo5e9k/gGlCBWfW4/Iwb9BGDIUcIjgiScAAPGT0duHCQENfFhLiUkNBxjilKpM0pi1OGR+wtfYe06xg2or3yzLSa0SkBvSkpbeyRJqa8lLA6zdbxXDsr9jfvifZUdxvT3zdeIbESI2L/0s0y/6tTtUgMcKprEF RTohlVHTMuue6Kurn9qSpJDglxCvcpnhJmWjnrs601ma5d9dbT8VedqVi1ZyY3x5u6JQ3Y/T7On6B5UHWdqnt5VKkdm1EXsYNd7NM8T1DDOepokHeIBzziybqwpDWxph+pVsFotvFlWffvyLqSVw==</latexit><latexit sha1_base64="mJXW6kH1I94ybZX8R2WZZIs1yh0=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIVdVlw40oq2IfUUpLptB3Mi2QilNKtP+BWv0v8A/0L74xT8IHohCRnzr3nzNx7/SQQmXScl4I1N7+wuFRcLq2srq1vlDe3mlmcp4w3WBzEadv3Mh6IiDekkAFvJyn3Qj/gLf/2TMVbdzzNRBxdyXHCu6E3jMRAME8SdX0jR 1x6vcNSr1xxqo5e9k/gGlCBWfW4/Iwb9BGDIUcIjgiScAAPGT0duHCQENfFhLiUkNBxjilKpM0pi1OGR+wtfYe06xg2or3yzLSa0SkBvSkpbeyRJqa8lLA6zdbxXDsr9jfvifZUdxvT3zdeIbESI2L/0s0y/6tTtUgMcKprEF RTohlVHTMuue6Kurn9qSpJDglxCvcpnhJmWjnrs601ma5d9dbT8VedqVi1ZyY3x5u6JQ3Y/T7On6B5UHWdqnt5VKkdm1EXsYNd7NM8T1DDOepokHeIBzziybqwpDWxph+pVsFotvFlWffvyLqSVw==</latexit>
✓4
<latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIp6rLgxpVUsK3SiiTTaTs0L5KJUEq3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3Pv9ZNAZNJxXgvWwuLS8kpxtbS2vrG5Vd7eaWVxnjLeZHEQp9e+l/FARLwphQz4dZJyL/QD3vZHZyrevudpJuLoSo4Tfht6g0j0BfMkUTddO eTSu6uV7soVp+roZc8D14AKzGrE5Rd00UMMhhwhOCJIwgE8ZPR04MJBQtwtJsSlhISOc0xRIm1OWZwyPGJH9B3QrmPYiPbKM9NqRqcE9KaktHFAmpjyUsLqNFvHc+2s2N+8J9pT3W1Mf994hcRKDIn9SzfL/K9O1SLRx6muQV BNiWZUdcy45Lor6ub2l6okOSTEKdyjeEqYaeWsz7bWZLp21VtPx990pmLVnpncHO/qljRg9+c450HrqOo6VfeyVqkfm1EXsYd9HNI8T1DHORpokneIRzzh2bqwpDWxpp+pVsFodvFtWQ8fyxuSWA==</latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIp6rLgxpVUsK3SiiTTaTs0L5KJUEq3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3Pv9ZNAZNJxXgvWwuLS8kpxtbS2vrG5Vd7eaWVxnjLeZHEQp9e+l/FARLwphQz4dZJyL/QD3vZHZyrevudpJuLoSo4Tfht6g0j0BfMkUTddO eTSu6uV7soVp+roZc8D14AKzGrE5Rd00UMMhhwhOCJIwgE8ZPR04MJBQtwtJsSlhISOc0xRIm1OWZwyPGJH9B3QrmPYiPbKM9NqRqcE9KaktHFAmpjyUsLqNFvHc+2s2N+8J9pT3W1Mf994hcRKDIn9SzfL/K9O1SLRx6muQV BNiWZUdcy45Lor6ub2l6okOSTEKdyjeEqYaeWsz7bWZLp21VtPx990pmLVnpncHO/qljRg9+c450HrqOo6VfeyVqkfm1EXsYd9HNI8T1DHORpokneIRzzh2bqwpDWxpp+pVsFodvFtWQ8fyxuSWA==</latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIp6rLgxpVUsK3SiiTTaTs0L5KJUEq3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3Pv9ZNAZNJxXgvWwuLS8kpxtbS2vrG5Vd7eaWVxnjLeZHEQp9e+l/FARLwphQz4dZJyL/QD3vZHZyrevudpJuLoSo4Tfht6g0j0BfMkUTddO eTSu6uV7soVp+roZc8D14AKzGrE5Rd00UMMhhwhOCJIwgE8ZPR04MJBQtwtJsSlhISOc0xRIm1OWZwyPGJH9B3QrmPYiPbKM9NqRqcE9KaktHFAmpjyUsLqNFvHc+2s2N+8J9pT3W1Mf994hcRKDIn9SzfL/K9O1SLRx6muQV BNiWZUdcy45Lor6ub2l6okOSTEKdyjeEqYaeWsz7bWZLp21VtPx990pmLVnpncHO/qljRg9+c450HrqOo6VfeyVqkfm1EXsYd9HNI8T1DHORpokneIRzzh2bqwpDWxpp+pVsFodvFtWQ8fyxuSWA==</latexit><latexit sha1_base64="HiPwEPNVMBmOJ40sl/OwlbgwcWs=">AAACzHicjVHLSsNAFD2Nr1pfVZdugkVwV RIp6rLgxpVUsK3SiiTTaTs0L5KJUEq3/oBb/S7xD/QvvDNOQS2iE5KcOfeeM3Pv9ZNAZNJxXgvWwuLS8kpxtbS2vrG5Vd7eaWVxnjLeZHEQp9e+l/FARLwphQz4dZJyL/QD3vZHZyrevudpJuLoSo4Tfht6g0j0BfMkUTddO eTSu6uV7soVp+roZc8D14AKzGrE5Rd00UMMhhwhOCJIwgE8ZPR04MJBQtwtJsSlhISOc0xRIm1OWZwyPGJH9B3QrmPYiPbKM9NqRqcE9KaktHFAmpjyUsLqNFvHc+2s2N+8J9pT3W1Mf994hcRKDIn9SzfL/K9O1SLRx6muQV BNiWZUdcy45Lor6ub2l6okOSTEKdyjeEqYaeWsz7bWZLp21VtPx990pmLVnpncHO/qljRg9+c450HrqOo6VfeyVqkfm1EXsYd9HNI8T1DHORpokneIRzzh2bqwpDWxpp+pVsFodvFtWQ8fyxuSWA==</latexit>
 ⇢ˆ(s)
<latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8=">AAAC2XicjVHLSsNAFD2Nr1pf9bFzEyxC3 ZREBMVVwY3LCvYBbSmTdNoG0yRMJkItXbgTt/6AW/0h8Q/0L7wzpqAW0QlJzpx7z5m59zqR78XSsl4zxtz8wuJSdjm3srq2vpHf3KrFYSJcXnVDPxQNh8Xc9wJelZ70eSMSnA0dn9edqzMVr19zEXthcClHEW8PWT/wep7LJ FGd/E6ry33JzNaAyXFLDMJJMT7o5AtWydLLnAV2CgpIVyXMv6CFLkK4SDAERwBJ2AdDTE8TNixExLUxJk4Q8nScY4IcaRPK4pTBiL2ib592zZQNaK88Y6126RSfXkFKE/ukCSlPEFanmTqeaGfF/uY91p7qbiP6O6nXkFiJAb F/6aaZ/9WpWiR6ONE1eFRTpBlVnZu6JLor6ubml6okOUTEKdyluCDsauW0z6bWxLp21Vum4286U7Fq76a5Cd7VLWnA9s9xzoLaYcm2SvbFUaF8mo46i13soUjzPEYZ56igSt43eMQTno2mcWvcGfefqUYm1Wzj2zIePgDHIZ ds</latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8=">AAAC2XicjVHLSsNAFD2Nr1pf9bFzEyxC3 ZREBMVVwY3LCvYBbSmTdNoG0yRMJkItXbgTt/6AW/0h8Q/0L7wzpqAW0QlJzpx7z5m59zqR78XSsl4zxtz8wuJSdjm3srq2vpHf3KrFYSJcXnVDPxQNh8Xc9wJelZ70eSMSnA0dn9edqzMVr19zEXthcClHEW8PWT/wep7LJ FGd/E6ry33JzNaAyXFLDMJJMT7o5AtWydLLnAV2CgpIVyXMv6CFLkK4SDAERwBJ2AdDTE8TNixExLUxJk4Q8nScY4IcaRPK4pTBiL2ib592zZQNaK88Y6126RSfXkFKE/ukCSlPEFanmTqeaGfF/uY91p7qbiP6O6nXkFiJAb F/6aaZ/9WpWiR6ONE1eFRTpBlVnZu6JLor6ubml6okOUTEKdyluCDsauW0z6bWxLp21Vum4286U7Fq76a5Cd7VLWnA9s9xzoLaYcm2SvbFUaF8mo46i13soUjzPEYZ56igSt43eMQTno2mcWvcGfefqUYm1Wzj2zIePgDHIZ ds</latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8=">AAAC2XicjVHLSsNAFD2Nr1pf9bFzEyxC3 ZREBMVVwY3LCvYBbSmTdNoG0yRMJkItXbgTt/6AW/0h8Q/0L7wzpqAW0QlJzpx7z5m59zqR78XSsl4zxtz8wuJSdjm3srq2vpHf3KrFYSJcXnVDPxQNh8Xc9wJelZ70eSMSnA0dn9edqzMVr19zEXthcClHEW8PWT/wep7LJ FGd/E6ry33JzNaAyXFLDMJJMT7o5AtWydLLnAV2CgpIVyXMv6CFLkK4SDAERwBJ2AdDTE8TNixExLUxJk4Q8nScY4IcaRPK4pTBiL2ib592zZQNaK88Y6126RSfXkFKE/ukCSlPEFanmTqeaGfF/uY91p7qbiP6O6nXkFiJAb F/6aaZ/9WpWiR6ONE1eFRTpBlVnZu6JLor6ubml6okOUTEKdyluCDsauW0z6bWxLp21Vum4286U7Fq76a5Cd7VLWnA9s9xzoLaYcm2SvbFUaF8mo46i13soUjzPEYZ56igSt43eMQTno2mcWvcGfefqUYm1Wzj2zIePgDHIZ ds</latexit><latexit sha1_base64="os50qgYPa+nF/bSgRWRKewVvnn8=">AAAC2XicjVHLSsNAFD2Nr1pf9bFzEyxC3 ZREBMVVwY3LCvYBbSmTdNoG0yRMJkItXbgTt/6AW/0h8Q/0L7wzpqAW0QlJzpx7z5m59zqR78XSsl4zxtz8wuJSdjm3srq2vpHf3KrFYSJcXnVDPxQNh8Xc9wJelZ70eSMSnA0dn9edqzMVr19zEXthcClHEW8PWT/wep7LJ FGd/E6ry33JzNaAyXFLDMJJMT7o5AtWydLLnAV2CgpIVyXMv6CFLkK4SDAERwBJ2AdDTE8TNixExLUxJk4Q8nScY4IcaRPK4pTBiL2ib592zZQNaK88Y6126RSfXkFKE/ukCSlPEFanmTqeaGfF/uY91p7qbiP6O6nXkFiJAb F/6aaZ/9WpWiR6ONE1eFRTpBlVnZu6JLor6ubml6okOUTEKdyluCDsauW0z6bWxLp21Vum4286U7Fq76a5Cd7VLWnA9s9xzoLaYcm2SvbFUaF8mo46i13soUjzPEYZ56igSt43eMQTno2mcWvcGfefqUYm1Wzj2zIePgDHIZ ds</latexit>
a) b)
FIG. 1. (a) Zero-entropy GHD describes the motion of the
Fermi contour Γt, parametrized as in Eq. (3), which separates
the regions in phase space where the Fermi factor n(x, θ) is
one (orange) or zero (white) at a given time t. In any small
interval [x, x+dx] the fluid is in a state called split Fermi sea
[26–29] labeled by Fermi rapidities θ1 < θ2 < · · · < θ2q; the
number of fluid components q is a piecewise constant function
of x and t. (b) In this Letter the contour Γt is allowed to have
quantum fluctuations around the classical solution to the zero-
entropy GHD equations (4a-b). The quantum fluctuations are
captured by a chiral boson with density δρˆ(s) living along the
contour.
models was discovered in 2016 and dubbed Generalized
Hydrodynamics (GHD) [30, 31]; it was quickly followed
by many extensions and applications [32–62], including a
direct experimental check [24]. The original formulation
is for the Euler scale, where space-time scales of obser-
vations and length scales of external potentials are si-
multaneously sent to infinity; at the Euler scale diffusion
is absent (but subleading diffusive corrections to GHD
are also known [44–46]). The Euler scale is equivalently
expressed as the classical limit [63–65]
~→ 0, keeping ~N, V (x), g¯ fixed. (1)
For the 1d Bose gas starting at zero temperature, its evo-
lution under GHD takes a particularly simple form [35].
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2Indeed, an initial zero-temperature state has zero en-
tropy and entropy is conserved by Euler equations such
as GHD. [This is generally true for Euler hydrodynamic
equations away from shocks, and it is known that GHD
does not admit shocks [35, 66, 67].] Thus the Bose fluid
remains locally in a macrostate with zero entropy at all
times. In the Bose gas with delta repulsion, the presence
of higher conservation laws allows for a large space of
macrostates with zero entropy: the split Fermi seas [26–
29]. They can be labeled by a set of Fermi rapidities
{θa}1≤a≤2q such that the Fermi factor n(θ) —the num-
ber of Bethe quasiparticles with rapidity in [θ, θ + dθ]
divided by the number of available states in that interval
(see e.g. Chap. 1 in Ref. [20] for an introduction to that
formalism)— is
n(θ) =
{
1 if θ ∈ [θ1, θ2] ∪ · · · ∪ [θ2q−1, θ2q]
0 otherwise.
(2)
The local macrostate is then assumed to be a function of
position x and of time t. The global state of the system
at time t is best represented by the Fermi contour Γt
(see Fig. 1), which is defined such that the Fermi factor
n(x, θ) is 1 for all points (x, θ) inside the contour, and
0 outside. For simplicity we restrict to situations where
Γt is a simple closed curve, parametrized by a function
s 7→ (xt(s), θt(s)),
Γt = {(xt(s), θt(s)), s ∈ R/2piZ}. (3)
According to GHD, the time evolution of the contour Γt
is given by the classical equation [35]
d
dt
(
xt(s)
θt(s)
)
=
(
veff(xt(s), θt(s))
aeff(xt(s), θt(s))
)
, (4a)
which expresses the fact that quasiparticles inside the
contour move at an effective velocity veff(x, θ) and are
accelerated at an effective acceleration aeff(x, θ), both of
which depend in general on the local Hamiltonian and
macrostate, hence on the Fermi points at x. Eq. (4a) is
complemented by a closed formula for the effective veloc-
ity [30, 31, 68, 69] and acceleration [70]
veff = (∂θE)
dr/1dr, aeff = −(∂xE)dr/1dr, (4b)
where E(x, θ) is the bare energy of a quasiparti-
cle with respect to the local Hamiltonian, 1(θ) =
1, and the dressing of a function f(θ) in the local
macrostate is defined by the integral equation fdr(θ) =
f(θ) +
∫
dθ′
2pi
dφ(θ−θ′)
dθ n(θ
′)fdr(θ′). Here φ(θ − θ′) =
2 arctan ((θ − θ′)/g¯) is the two-body scattering phase for
the delta Bose gas [18–20]. In the present case, E(x, θ) =
θ2/2 + V (x), and the effective acceleration simplifies to
give Newton’s second law [70]
aeff = −∂xV (x). (5)
Notice that ~ is completely absent from the Eqs.
(4a,b), which is consistent with our claim that zero-
entropy GHD corresponds to the classical limit (1) in
the microscopic model.
Goal of this Letter. Because it is a classical hydrody-
namic description, GHD misses certain quantum effects,
such as interference effects and quantum entanglement
or correlations between the different parts of the fluid at
a given time. Such effects appear as subleading orders
in an expansion at small ~ in the limit (1). In this Let-
ter we initiate the development of a theory of quantum
fluctuations around GHD. Analogously to Bogoliubov
theory [6–8], our strategy is to start from linear sound
waves propagating on top of a background configuration
(xt(s), θt(s)) which solves the GHD equation (Fig. 1),
and then find a way to quantize those. We find that the
resulting theory takes the form of a time-dependent, spa-
tially inhomogeneous, multi-component Luttinger liquid,
which generalizes the effective theory of (homogeneous,
time-independent) split Fermi seas developed recently by
Elie¨ns and Caux [27], see also Refs. [26, 28, 29]. It also
generalizes the theory of inhomogeneous Luttinger liq-
uids (see e.g. Refs. [15, 63–65, 71, 72]) to truly out-of-
equilibrium situations.
To illustrate the physical effects that can be attacked
with this quantum fluctuating GHD (QGHD) —as op-
posed to GHD— we consider a quench of the confining
potential V (x), from double-well to harmonic, a situa-
tion similar to the famous quantum Newton’s cradle [16].
This protocol can be realized experimentally [24] and pro-
duces local macrostates that are split Fermi seas. We find
that the predictions of QGHD are in perfect agreement
with the numerics (see Fig. 2). More results obtainable
from QGHD, as well as more extensive numerical checks,
will be presented in an extended version of this work [73].
Sound waves in zero-entropy GHD. Linearly prop-
agating waves are consequences of the conservation laws
of hydrodynamics. By fluctuation-dissipation, they are
subject to correlations due to microscopic fluctuations.
Thus, our first task is to find conserved fluid modes and
their linear-response evolution. Let us parametrise lo-
cally the contour Γt by the Fermi points θa(x, t) (1 ≤ a ≤
2q). Fluctuations can be expressed as deformations of the
contour θa(x, t)→ θa(x, t) + δθa(x, t). Plugging this into
Eqs. (4a,b), one would arrive at an evolution equation
for δθa(x, t), describing the propagation of sound waves
on top of the background solution (xt(s), θt(s)). These,
however, do not take the form of conservation equations.
Instead, we consider the momentum and energy of an
excitation [20], p(θ) = θ − ∫ dθ′2pi φ(θ′ − θ)n(θ′)1dr(θ′) and
(θ) = E(x, θ)−∫ dθ′2pi φ(θ′−θ)n(θ′)1dr(θ′)veff(θ′), respec-
tively. The dispersion relation of such an excitation is
the effective velocity, ∂θ/∂θp = v
eff . By the general the-
ory of GHD [30, 31], we observe that the second terms
in these expressions form a conserved current, associated
to the special “scattering charge” that counts the total
phase of the quasiparticle with rapidity θ. Thus, a con-
servation equation, with force term, holds,
∂tp+ ∂x+ a
eff1dr = 0. (6)
Excitations in a zero-entropy state occur at the Fermi
points. Combining the dispersion relation, (6) and (4),
3one finds an exact conservation law for their momentum
pa = p(θa) and energy a = (θa) (see Supplemental Ma-
terial (SM) for detailed derivation [74]):
∂tpa + ∂xa = 0. (7)
Then the small fluctuations obey, at first order,
∂tδpa +
∑
b
∂x[A
b
a δpb] = 0, (8)
where A ba = ∂a/∂pb is the flux Jacobian. This is the
propagation equation we were looking for: it is an equa-
tion for linear sound waves which takes the form of a
conservation equation.
Quantization of sound waves. The conserved modes
δpa can now be given quantum fluctuations, δpa → δpˆa.
In quantized fluid theory one assumes that there is a clas-
sical hydrodynamic action S = S({pa}), whose minimum
gives rise to the fluid equation, and which provides the
quantum fluctuations and long-range correlations simply
by quadratic expansion:
eiS ≈ eiSclassical+i
∑
ab S
(2)
ab δpaδpb . (9)
Passing to the Hamiltonian formalism, there must be a
symplectic structure and a Hamiltonian, quadratic in hy-
drodynamic wave operators δkˆa = δpˆa/~, which repro-
duces (8).
To identify those, consider the measure dp = 1drdθ,
which takes into account the density of allowed states
1dr [20], and the phase-space volume form it induces,
dx ∧ dp = 1dr dx ∧ dθ. This volume form is preserved
by GHD [75]. Therefore, the fluctuations at zero entropy
are fluctuations of an incompressible region in the (x, p)
plane. A first consequence is that small volume variations
dpa = σadpa, where σa = (−1)a is the chirality of the
volume boundary, are thermodynamic potentials, leading
to an Onsager reciprocity relation (see SM [74])
Aab = Aba (Aab = ∂a/∂k
b = σbA
b
a ). (10)
That is, the diagonal matrix σ = diag({σa}1≤a≤2q) gives
a symplectic structure under which the flux Jacobian is
symmetric. Second, the problem of quantizing fluctua-
tions of incompressible regions is well known in the lit-
erature on the quantum Hall effect [76–79]. Parameter-
izing the boundary of that region as (x(s), p(s)) and in-
troducing a density operator which measures the excess
number of occupied states around (x(s), p(s)), δρˆ(s) =
1
2pi~
dx
ds δpˆ(x), the commutation relation is the one of a
chiral U(1) current algebra,
[δρˆ(s), δρˆ(s′)] =
1
2pii
δ′(s− s′). (11a)
Equivalently, with the local parameterization δpˆa(x),
[δpˆa(x), δpˆb(y)] = −iσa2pi~2δab δ′(x− y). (11b)
Using this symplectic structure, the Hamiltonian gener-
ating (8) can be taken as
Hˆ[Γt] =
1
4pi~
∫
dx
∑
a,b
δpˆa(x)A
abδpˆb(x). (12)
Indeed, together with the commutation relation (11b),
the Heisenberg equation
d
dt
δpˆa(x) =
i
~
[Hˆ[Γt], δpˆa(x)] (13)
reproduces the equation for sound waves (8).
The dependence of Hˆ[Γt] on Γt is via that of A
ab on the
Fermi points {θc(x, t)}. The contour-dependent Hamil-
tonian (12) is the most important result of this Letter,
and we refer to it as the QGHD Hamiltonian. Crucially,
QGHD is a quadratic theory, so correlation functions
can be calculated easily, at least numerically. [Higher-
derivative and higher-order terms should lead to a gen-
eralization of the non-linear Luttinger liquid [80] and are
left for future investigations.]
QGHD is the theory of a multi-component, spatially
inhomogeneous, time-dependent, quantum fluctuating
liquid with (locally) q coupled components. Importantly,
in the particular case of homogeneous time-independent
split Fermi seas, we have checked (see SM [74]) that it co-
incides with the multi-component quadratic Hamiltonian
of Elie¨ns and Caux [27, 29] (see also Refs. [26, 28]). As
noted by these authors, the case of a single-component
q = 1 is nothing but the standard Luttinger liquid theory.
An example, and numerical check. To illustrate the
possibilities offered by QGHD, we consider the dynamics
of the 1d Bose gas after a quench of the trapping poten-
tial from double-well, V0(x) = a4x
4− a2x2, to harmonic,
V (x) = ω2x2/2. The gas is initially in its ground state
in V0(x), with a single pair of Fermi points (i.e. q = 1)
everywhere. At time t > 0, after some fraction of the pe-
riod of the trap τ = 2piω , the contour Γt gets deformed and
a region appears near the center with a split Fermi sea
q = 2. Hence this is a true out-of-equilibrium situation,
not describable by standard hydrodynamics.
We focus on the equal-time density-density correlation
function (Fig. 2). At a point x, the fluctuations of the
particle density are measured by the operator
δρˆ(x, t) =
∑
s
∣∣∣∣ dsdx
∣∣∣∣ δρˆ(s) = ∑
a
1
2pi~
δpˆa, (14)
which is a sum over the 2q Fermi points at (x, t). Its
two-point function at time t is
〈δρˆ(x, t)δρˆ(x′, t)〉 =
∑
s
∑
s′
∣∣∣∣ dsdx
∣∣∣∣ ∣∣∣∣ ds′dx′
∣∣∣∣G(s, t, s′, t), (15)
where G((s, t), (s′, t′)) is the Green’s function along the
contour G((s, t), (s′, t′)) = 〈δρˆ(s, t)δρˆ(s′, t′)〉. At t =
t′ = 0, G((s, 0), (s′, 0)) is the ground state correlation in
4x
⟨ρ(
x
,t
)⟩
<latexit sha1_base64="GJ1y66npnzvTnlPmt8rAaQf8PqE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIgVdFty4rGAv0IQymU7boZNJmJmIJRTc+CpuXCji1pdw59s4TbPQ1h8GPv5zDmfOH8ScKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxtezevueSsUicacnMfVDPBRswAjWxurZRx7HYsgp8uQoqjycI31mMLN6dtmpOpnQMrg5lCFXo2d/ef2IJCEVmnCsVNd1Yu2nWGpGOJ2WvETRGJMxHtKuQYFDqvw0u2GKTo3TR4NImic0ytzfEykOlZqEgekMsR6pxdrM/K/WTfTgyk+ZiBNNBZkvGiQc6QjNAkF9JinRfGIAE8nMXxEZYYmJNrGVTAju4snL0Lqouk7Vva2V67U8jiIcwwlUwIVLqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymUP4I+vzB3TglrM=</latexit><latexit sha1_base64="GJ1y66npnzvTnlPmt8rAaQf8PqE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIgVdFty4rGAv0IQymU7boZNJmJmIJRTc+CpuXCji1pdw59s4TbPQ1h8GPv5zDmfOH8ScKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxtezevueSsUicacnMfVDPBRswAjWxurZRx7HYsgp8uQoqjycI31mMLN6dtmpOpnQMrg5lCFXo2d/ef2IJCEVmnCsVNd1Yu2nWGpGOJ2WvETRGJMxHtKuQYFDqvw0u2GKTo3TR4NImic0ytzfEykOlZqEgekMsR6pxdrM/K/WTfTgyk+ZiBNNBZkvGiQc6QjNAkF9JinRfGIAE8nMXxEZYYmJNrGVTAju4snL0Lqouk7Vva2V67U8jiIcwwlUwIVLqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymUP4I+vzB3TglrM=</latexit><latexit sha1_base64="GJ1y66npnzvTnlPmt8rAaQf8PqE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIgVdFty4rGAv0IQymU7boZNJmJmIJRTc+CpuXCji1pdw59s4TbPQ1h8GPv5zDmfOH8ScKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxtezevueSsUicacnMfVDPBRswAjWxurZRx7HYsgp8uQoqjycI31mMLN6dtmpOpnQMrg5lCFXo2d/ef2IJCEVmnCsVNd1Yu2nWGpGOJ2WvETRGJMxHtKuQYFDqvw0u2GKTo3TR4NImic0ytzfEykOlZqEgekMsR6pxdrM/K/WTfTgyk+ZiBNNBZkvGiQc6QjNAkF9JinRfGIAE8nMXxEZYYmJNrGVTAju4snL0Lqouk7Vva2V67U8jiIcwwlUwIVLqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymUP4I+vzB3TglrM=</latexit><latexit sha1_base64="GJ1y66npnzvTnlPmt8rAaQf8PqE=">AAACA3icbZDLSsNAFIZP6q3WW9SdbgaLUEFKIgVdFty4rGAv0IQymU7boZNJmJmIJRTc+CpuXCji1pdw59s4TbPQ1h8GPv5zDmfOH8ScKe0431ZhZXVtfaO4Wdra3tnds/cPWipKJKFNEvFIdgKsKGeCNjXTnHZiSXEYcNoOxtezevueSsUicacnMfVDPBRswAjWxurZRx7HYsgp8uQoqjycI31mMLN6dtmpOpnQMrg5lCFXo2d/ef2IJCEVmnCsVNd1Yu2nWGpGOJ2WvETRGJMxHtKuQYFDqvw0u2GKTo3TR4NImic0ytzfEykOlZqEgekMsR6pxdrM/K/WTfTgyk+ZiBNNBZkvGiQc6QjNAkF9JinRfGIAE8nMXxEZYYmJNrGVTAju4snL0Lqouk7Vva2V67U8jiIcwwlUwIVLqMMNNKAJBB7hGV7hzXqyXqx362PeWrDymUP4I+vzB3TglrM=</latexit>
S
(x
,t
)
<latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit><latexit sha1_base64="ZmmeLoSOxz1/nJXEVoXijZGhXpk=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBAiSNiVgB4DXjxGNA9IljA7mU2GzM6uM71iCPkJLx4U8ervePNvnCR70MSChqKqm+6uIJHCoOt+Oyura+sbm7mt/PbO7t5+4eCwYeJUM15nsYx1K6CGS6F4HQVK3ko0p1EgeTMYXk/95iPXRsTqHkcJ9yPaVyIUjKKVWuSu9HRO8KxbKLpldwayTLyMFCFDrVv46vRilkZcIZPUmLbnJuiPqUbBJJ/kO6nhCWVD2udtSxWNuPHHs3sn5NQqPRLG2pZCMlN/T4xpZMwoCmxnRHFgFr2p+J/XTjG88sdCJSlyxeaLwlQSjMn0edITmjOUI0so08LeStiAasrQRpS3IXiLLy+TxkXZc8vebaVYrWRx5OAYTqAEHlxCFW6gBnVgIOEZXuHNeXBenHfnY9664mQzR/AHzucPN2eOuA==</latexit>
k
x
t = 0
<latexit sha1_base64="5kx6ZnB Lju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU 8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4 /3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTH DF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruM caJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4 qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDj KkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq 7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi 5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnB Lju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU 8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4 /3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTH DF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruM caJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4 qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDj KkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq 7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi 5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnB Lju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU 8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4 /3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTH DF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruM caJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4 qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDj KkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq 7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi 5hT+wPv8ASJtjZU=</latexit><latexit sha1_base64="5kx6ZnB Lju8OEsF/NlYQVIpoAdw=">AAAB63icbVBNSwMxEJ2tX7V+VT16CRbBU 8lKQS9CwYvHCvYD2qVk02wbmmSXJCuUpX/BiwdFvPqHvPlvTLd70NYHA4 /3ZpiZFyaCG4vxt1fa2Nza3invVvb2Dw6PqscnHROnmrI2jUWseyExTH DF2pZbwXqJZkSGgnXD6d3C7z4xbXisHu0sYYEkY8UjTonNpVuEh9UaruM caJ34BalBgdaw+jUYxTSVTFkqiDF9Hyc2yIi2nAo2rwxSwxJCp2TM+o4 qIpkJsvzWObpwyghFsXalLMrV3xMZkcbMZOg6JbETs+otxP+8fmqjmyDj KkktU3S5KEoFsjFaPI5GXDNqxcwRQjV3tyI6IZpQ6+KpuBD81ZfXSeeq 7uO6/9CoNRtFHGU4g3O4BB+uoQn30II2UJjAM7zCmye9F+/d+1i2lrxi 5hT+wPv8ASJtjZU=</latexit>
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t = 0.15τ
<latexit sha1_base64="dHc5Xkd ou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgK eyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFD UVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNp Uh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvi vhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0 TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyN xP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjami g3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXp x352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkd ou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgK eyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFD UVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNp Uh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvi vhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0 TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyN xP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjami g3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXp x352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkd ou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgK eyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFD UVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNp Uh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvi vhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0 TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyN xP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjami g3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXp x352PRWnKKmWP4A+fzB+jvkD8=</latexit><latexit sha1_base64="dHc5Xkd ou+jkcoy8TJI+VSilg5w=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoPgK eyKohch4MVjBPOA7BJmJ7PJkNkHMz1CWPIbXjwo4tWf8ebfOEn2oIkFD UVVN91dYSaFRtf9dkpr6xubW+Xtys7u3v5B9fCorVOjGG+xVKaqG1LNp Uh4CwVK3s0Up3EoeScc3838zhNXWqTJI04yHsR0mIhIMIpW8vGWuHXvi vhITb9ac+vuHGSVeAWpQYFmv/rlD1JmYp4gk1TrnudmGORUoWCSTyu+0 TyjbEyHvGdpQmOug3x+85ScWWVAolTZSpDM1d8TOY21nsSh7YwpjvSyN xP/83oGo5sgF0lmkCdssSgykmBKZgGQgVCcoZxYQpkS9lbCRlRRhjami g3BW355lbQv6p7N7eGy1rgs4ijDCZzCOXhwDQ24hya0gEEGz/AKb45xXp x352PRWnKKmWP4A+fzB+jvkD8=</latexit>
-600 -200 200 600
k
x
t = 0.30τ
<latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB8 3icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rbl Z3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4y JhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnA eCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</ latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB8 3icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rbl Z3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4y JhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnA eCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</ latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB8 3icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rbl Z3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4y JhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnA eCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</ latexit><latexit sha1_base64="tnDYxrI4lIjWPfYGSZ3X+3a/sSk=">AAAB8 3icbVBNSwMxEM3Wr1q/qh69BIvgaclqQS9CwYvHCvYDukvJptk2NJtdkolQSv+GFw+KePXPePPfmLZ70OqDgcd7M8zMi3MpDBDy5ZXW1jc2t8rbl Z3dvf2D6uFR22RWM95imcx0N6aGS6F4CwRI3s01p2kseSce3879ziPXRmTqASY5j1I6VCIRjIKTQrjBxL8kOARq+9Ua8ckC+C8JClJDBZr96mc4y JhNuQImqTG9gOQQTakGwSSfVUJreE7ZmA55z1FFU26i6eLmGT5zygAnmXalAC/UnxNTmhozSWPXmVIYmVVvLv7n9Swk19FUqNwCV2y5KLESQ4bnA eCB0JyBnDhCmRbuVsxGVFMGLqaKCyFYffkvaV/4AfGD+3qtUS/iKKMTdIrOUYCuUAPdoSZqIYZy9IRe0KtnvWfvzXtftpa8YuYY/YL38Q3kVpA8</ latexit>
x
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FIG. 2. Quantum quench from double to single well in the Tonks-Girardeau gas g¯ → ∞. First row: Fermi contour. Second
row: Density profile. Third row: Absolute value of the connected density-density correlator. Last row: Entanglement entropy.
Each row shows the corresponding quantity as a function of the spatial coordinate x, at different times, expressed as a fraction
of the period τ (from t = 0 in the first column to t = 0.60τ in the last). Orange symbols are the numerical data (obtained
from a lattice model in the dilute limit), whereas dashed blue lines are the QGHD predictions. The numerics for the density-
density correlator shows large oscillations (cyan continuous line), therefore the analytic prediction is compared with its spatial
averaging. It diverges at coinciding points as x−2. The parameters are chosen as follows: system size L = 1200; number
of particles N = 66; pre-quench potential V0(x) = a4x
4 − a2x2 with a4 = 6/L4, a2 = 1/L2 and µ = 0.003 for the chemical
potential; post-quench potential V (x) = ω2x2/2 with ω = 1/L (and period τ = 2pi/ω).
the Hamiltonian Hˆ[Γ0]. At later times G((s, t), (s
′, t′))
satisfies the evolution equation derived from
d
dt
δρˆ(s, t) = ∂s(v(s)δρˆ(s, t)) +
i
~
[Hˆ[Γt], δρˆ(s, t)], (16)
where v(s) = veff(θa)
dx
ds if a labels the local Fermi point
with parameter s. Importantly, G((s, t), (s′, t′)) is of or-
der O(1) in the limit (1), so we see that QGHD captures
the first correction to the classical result (which is zero):
〈δρˆ(x, t)δρˆ(x′, t)〉
ρcl.(x)ρcl.(x′)
= O(~2). (17)
In Fig. 2 we compare the QGHD prediction (15)
with the exact numerical solution in the microscopic
model. To obtain this numerical solution, we focus on
the Tonks-Girardeau (TG) limit g¯ → ∞, where stan-
dard free fermion techniques apply [81] and give ac-
cess to numerical results for large numbers of particles
and long times. Because we focus on the TG limit,
some simplifications occur also on the analytical side.
In particular, the equation for sound waves is simply
d
dtδρˆ(s, t) = 0, reflecting the underlying non-interacting
fermion dynamics. Moreover the hamiltonian (12) is the
one of a system with underlying conformal invariance in
a fictitious curved space-time encoding the inhomogene-
ity [63, 65, 72]. These simplifications allow to obtain
the Green’s function along the contour in an analyti-
cally closed form. Indeed, chosing the s-parameterization
of the initial contour Γ0 such that (dx0(s), dp0(s)) ∝
(p0(x0(s))ds,
dp0(x)
x
dx0
ds ds) with p0(x) =
√
2(µ− V0(x)),
the Green’s function turns out to be simply [65, 72]
G((s, t), (s′, t)) = − ln (2 sin((s− s′)/2)), independently
of t. Plugging this into Eq. (15), one gets the result plot-
ted in the third row of Fig. 2. The exact microscopic so-
lution has large Friedel oscillations (cyan curve), which
we cancel by spatially averaging over a small window
[x − ∆x/2, x + ∆x/2]. After averaging, the agreement
with the prediction of QGHD is remarkable.
We also study the entanglement entropy, which van-
ishes in GHD [82, 83], but is non-zero in QGHD. The
entanglement entropy is particularly challenging to com-
pute directly within the microscopic model and therefore
its calculation manifests the predictive power of our ap-
proach. It is defined as S(x, t) = −trσA log σA, in terms
5of the reduced density matrix σA. We focus on the sub-
system A = [−∞, x]. In the SM [74] we show that S(x, t)
can be obtained —via replica approach— from either a
two-point or a four-point correlation function (depending
on the number of Fermi points at (x, t)) of a special scal-
ing operator of the chiral theory. The comparison with
numerics is shown in the last row of Fig. 2: the agreement
is impressive.
Conclusion. By focusing on the GHD description of
the integrable Bose gas in states of zero entropy, we
showed that quantum effects which fall beyond the GHD
description can be reconstructed by allowing quantum
fluctuations of the Fermi contour. We have been partially
inspired by linear fluctuating hydrodynamics [15, 84],
where fluctuations are accessed by phenomenologically
adding thermal noise to the linear response evolution of
conserved fluid modes. We follow the general principles
of this theory, but instead of adding thermal noise, we use
ideas from quantum fluids (see e.g. [15]) in order to access
quantum fluctuations. Benchmarking QGHD, we applied
it to a zero entropy quench in the 1D Bose gas, providing
exact predictions for the equal time density-density corre-
lation and for the entanglement entropy which perfectly
match the numerical data in the Tonks-Giradeau regime.
Other relevant examples are the ripples of the density
profile and bosonic correlations functions. Our approach
applies to interacting integrable models as well: we fo-
cused on the non-interacting limit for sake of clarity, but
results for the interacting models will be presented in a
more technical follow up [73].
This new theory of QGHD opens up a plethora
of fundamental applications, mainly, but not only, to
those non-equilibrium situations with zero entropy states,
where standard GHD provides vanishing (or trivial) pre-
dictions for most observables. Among these, we mention
the domain wall quench in spin chains [38, 72], some lo-
cal and geometric quenches [85–87], the true quantum
Newton cradle protocol [16], and many more. Some fur-
ther generalizations of the theory, such as to include non-
linear effects (see [15] for the equilibrium counterpart),
may provide insights on (sub-, super-)diffusion in one-
dimensional quantum transport.
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7Supplementary material for “Quantum Generalized Hydrodynamics”
I. DETAILS OF THE DERIVATION OF EQ. (7) IN THE MAIN TEXT
In this section we derive Eq. (7) in the main text. We start from the GHD equations (4a)-(4b) in the main text.
Parametrizing the contour locally as θa(x, t) and injecting this parametrization into Eq. (4a), one gets
d
dt
(
xt(s)
θa(xt(s), t)
)
=
(
veff(xt(s), θa(xt(s), t))
aeff(xt(s), θa(xt(s), t))
)
.
The second line reads ∂tθa(xt(s), t) + (∂txt)∂xθa(xt(s), t) = a
eff(xt(s), t). Then, plugging the first line ∂txt = v
eff into
it, one gets the zero-entropy GHD equation of Ref. [35]:
∂tθa(x, t) + v
eff(x, θa)∂xθa(x, t) = a
eff(x, t). (18)
Finally, we use Eq. (6) in the main text: ∂tp+ ∂x+ a
eff1dr = 0. With pa = p(θa) and a = (θa), this gives
∂tpa + ∂xa = [∂tp+ ∂x](θa) + (∂tθa)(∂θp) + (∂xθa)(∂θ)
= −aeff(θa)1dr(θa) + (∂θp)
[
∂tθa +
∂θ
∂θp
∂xθa
]
= −aeff(θa)1dr(θa) + (∂θp)
[
∂tθa + v
eff(θa)∂xθa
]
=
(−1dr(θa) + ∂θp) aeff(θa).
Finally, using the identity ∂θp = (id
′)dr(θ) = 1dr(θ) —see Eqs. (23) and (24) in this Supplemental Material—, the
last line cancels and one gets ∂tpa + ∂xa = 0, which is Eq. (7) in the main text.
II. ONSAGER RECIPROCITY RELATION AND CONSISTENCY WITH ELIE¨NS-CAUX FORMALISM
In this section we expose in full details the Thermodynamic Bethe Ansatz (TBA) calculations that are useful to
arrive at the Onsager reciprocity relation (Eq. (10) in the main text) and at the consistency of our results with the
ones previously obtained by Elie¨ns and Caux [27, 29].
A. Useful definitions: shift function, “dressing” and “Dressing”
The shift function is defined as follows (see e.g. chapter 1 of Ref. [20]). Adding a (fermionic) particle with rapidity
θ results in a global shift of all rapidities measured by the shift function
F (θ|θ′) = φ(θ − θ
′)
2pi
+
∫
M
dλ
2pi
ϕ(θ − λ)F (λ|θ′) = [φ(.− θ
′)]dr(θ)
2pi
, (19)
where M = [θ1, θ2]∪ [θ3, θ4]∪· · ·∪ [θ2n−1, θ2n] is the split Fermi sea. The dressing is the linear operation f(θ) 7→ fdr(θ)
defined by the integral equation
fdr(θ) = f(θ) +
∫
M
dθ′
2pi
ϕ(θ − θ′)fdr(θ′). (20)
A very useful property of this dressing operation is that it is symmetric,∫
M
dθ
2pi
fdr(θ)g(θ) =
∫
M
dθ
2pi
f(θ)gdr(θ). (21)
This is not the “physical” dressing though. The physical dressing (or “Dressing”) is rather defined as
fDr(θ) = f(θ)−
∫
M
dθ′ f ′(θ′)F (θ′|θ). (22)
8The two kinds of dressing are related as follows:
(fDr)′(θ) = f ′(θ)− ∂θ
[∫
M
dθ′
2pi
f ′(θ′)[φ(.− θ)]dr(θ′)
]
= f ′(θ) + ∂θ
[∫
M
dθ′
2pi
(f ′)dr(θ′)φ(θ − θ′)
]
= f ′(θ) +
∫
M
dθ′
2pi
ϕ(θ − θ′)(f ′)dr(θ′) = (f ′)dr(θ). (23)
In particular, adding a (fermionic) excitation with rapidity θ to a state results in a change of the total momentum
and energy by an amount
p = idDr(θ) = θ −
∫
M
dθ′ F (θ′|θ), (24)
 = EDr(θ) = θ −
∫
M
dθ′E′(θ′)F (θ′|θ).
This is what we use in the main text, in the discussion which precedes Eq. (6) there.
B. The matrix F of shifts at the Fermi points
Differentiating the definition of the dressing (20) w.r.t θ gives
(f ′)dr(θ) = (fdr)′(θ) +
∑
c
σc
2pi
fdr(θc)[ϕ(.− θc)]dr(θ). (25)
Then using the definition of the dressing, the antisymmetry of φ, and the above formula with f(.) = φ(. − θ′), one
gets (see also formula (7.26) in Ref. [29])
F (θ|θ′) + F (θ′|θ) =
∫
M
dλ
2pi
[
ϕ(θ − λ) [φ(.− θ
′)]dr(λ)
2pi
+ ϕ(θ′ − λ) [φ(.− θ)]
dr(λ)
2pi
]
=
∫
M
dλ
2pi
[
ϕ(λ− θ) [φ(.− θ
′)]dr(λ)
2pi
+ ϕ(λ− θ′) [φ(.− θ)]
dr(λ)
2pi
]
=
∫
M
dλ
2pi
[
[ϕ(.− θ)]dr(λ)φ(λ− θ
′)
2pi
+ ϕ(λ− θ′) [φ(.− θ)]
dr(λ)
2pi
]
=
∫
M
dλ
2pi
[
([φ(.− θ)]dr)′(λ)φ(λ− θ
′)
2pi
+
[φ(.− θ)]dr(λ)
2pi
φ′(λ− θ′)
]
+
∫
M
dλ
2pi
[∑
c
σc
2pi
[φ(.− θ)]dr(θc)[ϕ(.− θc)]dr(λ)φ(λ− θ
′)
2pi
]
=
∫
M
dλ
2pi
∂
∂λ
[
[φ(.− θ)]dr(λ)φ(λ− θ
′)
2pi
]
+
∑
c
σc
2pi
[φ(.− θ)]dr(θc)
∫
M
dλ
2pi
ϕ(λ− θc) [φ(.− θ
′)]dr(λ)
2pi
=
∑
a
σa
2pi
[φ(.− θ)]dr(θa)φ(θa − θ
′)
2pi
+
∑
c
σc
2pi
[φ(.− θ)]dr(θc)
(
[φ(.− θ′)]dr(θc)
2pi
− φ(θc − θ
′)
2pi
)
=
∑
a
F (θa|θ)σaF (θa|θ′).
In particular, if we define the 2n× 2n matrix F as
Fab := F (θa|θb), (26)
then the following identity holds:
F + F † = F †σF. (27)
9C. The Elie¨ns-Caux matrix
A key object in the papers of Elie¨ns and Caux is the following 2q× 2q matrix M (see formulas (7.51) and (7.52) in
Ref. [29]), defined in terms of the Jacobian of the transformation from the Fermi rapidities {θa}1≤a≤2q to the Fermi
momenta {pa}1≤a≤2q:
Mab =
1
1dr(θb)
∂pa
∂θb
. (28)
We call it the Elie¨ns-Caux matrix. It can be expressed in terms of the above matrix F :
M = 1− F †σ (in components, Mab = δab − σbF (θb|θa)). (29)
This is obtained as follows. Differentiating the definition of the shift function (19), and using the definition of the
dressing, one gets
δF (θ|θ′) =
∑
b
σb
2pi
[ϕ(.− θb)]dr(θ)F (θb|θ′) δθb. (30)
This leads to the variation of the “Dressed” function (22),
δfDr(θ) = −
∑
b
σb f
′(θb)F (θb|θ)δθb −
∫
M
dθ′ f ′(θ′) δF (θ′|θ)
= −
∑
b
σb f
′(θb)F (θb|θ)δθb −
∑
b
σb
2pi
(∫
M
dθ′ f ′(θ′) [ϕ(.− θb)]dr(θ′)
)
F (θb|θ) δθb
= −
∑
b
σb f
′(θb)F (θb|θ)δθb −
∑
b
σb
(∫
M
dθ′
2pi
(f ′)dr(θ′)ϕ(θ′ − θb)
)
F (θb|θ) δθb
= −
∑
b
σb f
′(θb)F (θb|θ)δθb −
∑
b
σb
(
(f ′)dr(θb)− f ′(θb)
)
F (θb|θ) δθb
= −
∑
b
σb F (θb|θ) (f ′)dr(θb) δθb. (31)
Consequently, we have the identity
δ(fDr(θa)) = (f
Dr)′(θa)δθa + (δfDr)(θa) = (f ′)dr(θa)δθa −
∑
b
σb F (θb|θa) (f ′)dr(θb) δθb
=
∑
b
(δab − σb F (θb|θa)) (f ′)dr(θb)δθb. (32)
In particular, plugging the definition of p (Eq. (24)) into that formula, one gets
δpa = δ(id
Dr(θa)) =
∑
b
(δab − σb F (θb|θa)) 1dr(θb)δθb ,
which is the Elie¨ns-Caux relation (29). Notice that, more generally, the Elie¨ns-Caux matrix appears in the derivative
of fDr(θa) for any function f , as a consequence of (32):
∂(fDr(θa))
∂θb
= Mab (f
′)dr(θb). (33)
D. Symplecticity of the Elie¨ns-Caux matrix
A particularly remarkable property of the Elie¨ns-Caux matrix is that it satisfies
M−1 = σM†σ. (34)
This follows from Eqs. (29) and (27): MσM†σ = (1 − F †σ)σ(1 − σF )σ = 1 − (F + F † − F †σF )σ = 1, so M is
invertible and its inverse is σM†σ.
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E. The Elie¨ns-Caux matrix and the flux Jacobian A
In the main text, a central role is played by the flux Jacobian, defined as
A ba =
∂EDr(θa)
∂pb
. (35)
This flux Jacobian can also be expressed in terms of the Elie¨ns-Caux matrix, using formula (33):
A ba =
∂
∂pb
EDr(θa) =
∑
c
∂θc
∂pb
∂(EDr(θa))
∂θc
=
∑
c
(1dr(θc))
−1[M−1]cb
∂(EDr(θa))
∂θc
=
∑
c
(1dr(θc))
−1[M−1]cbMac(E′)dr(θc) = [MveffM−1]ab. (36)
In the last line we have used the definition of the effective velocity, veff(θc) =
(E′)dr(θc)
1dr(θc)
, see formula (4b) in the main
text.
In other words, the flux Jacobian is diagonalized by the Elie¨ns-Caux matrix. The identity (35) is the key to derive
both the Onsager reciprocity relation and to check the consistency of our Hamiltonian with the one of Elie¨ns and
Caux.
F. Onsager reciprocity relation
Defining Aab = σbA
b
a as in the main text, we must show that A
ab = Aba. Equivalently, using formula (35), we must
show that
σMveffM−1 = [σMveffM−1]†. (37)
In that form, the reciprocity relation is a straightforward consequence of the symplecticity of M (formula (34)), and
of the fact that σ and veff are diagonal matrices.
G. Consistency of the QGHD Hamiltonian with the one of Elie¨ns and Caux
In their study of homogeneous, time-independent split Fermi seas, Elie¨ns and Caux write the following multi-
component Luttinger liquid Hamiltonian (see Eqs. (6.17) and (6.18) in Ref. [29]):
HEC =
2q∑
a=1
σav
eff
a
2pi
∫
dx(∂xϕˆa)
2, (38)
where the ϕˆa(x, t) are 2q independent chiral bosonic modes, which are related to our operators δpˆa (see the main text
for definition) as
δpˆa =
√
2~
2q∑
b=1
Mabϕˆb(x, t). (39)
Thus, their Hamiltonian may be written as
HEC =
1
4pi~
∫
dx
∑
a,b
δpˆa[(M
−1)†σveffM−1]abδpˆb. (40)
Using again the symplecticity of M and formula (35), we see that this is identical to our QGHD Hamiltonian, see Eq.
(12) in the main text.
We emphasize that, although our QGHD Hamiltonian is identical to the one of Elie¨ns and Caux for homogeneous,
time-independent split Fermi seas, our QGHD formalism is a non-trivial extension of their results. This is because,
when the parameters in the Hamiltonian become position- and time-dependent, there are in principle many differ-
ent terms involving derivatives of the classical GHD solution {θa(x, t)} which could enter, which would result in a
Hamiltonian different from ours, yet which would still coincide with the one of Elie¨ns and Caux in the case where the
derivatives vanish. For a more thorough discussion in the spatially inhomogeneous static case, see Ref. [64].
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III. ENTANGLEMENT EVOLUTION IN QGHD
In this section, we report the main steps for the calculations of the entanglement entropy, S(x, t), after a quench
from a double to a single well potential in a Tonks-Girardeau gas. We recall that, in this setup, the system also
becomes conformal invariant in a curved spacetime: the (quadratic) theory of QGHD, Eq. (12) of the main text, can
be complemented with this symmetry to get explicit results.
By definition S(x, t) = −tr (σA log σA), where σA is the reduced density matrix of the subsystem A = [−∞, x]. In
field theory, S is usually obtained from the corresponding Re´nyi entropies Sα =
1
1−α log tr (σ
α
A) (labelled by α ∈ R)
via replica limit (α→ 1). Sα can be expressed as the sum of two parts
Sα(x, t) = Sˆα(x, t)− (x, t). (41)
Here Sˆα(x, t) may be predicted by QGHD complemented with conformal invariance, whereas (x, t) is an ultraviolet
cutoff. Indeed, already in uniform systems, Sα diverge in the ultraviolet and a regulator must be introduced. In the
inhomogeneous situation, such cutoff also acquires a dependence on space and time.
Let us start with the QGHD contribution. When α ∈ N, Sˆα can be expressed as the correlation function of special
fields known as twist fields [88–90], T and T¯ , local operators lying at the boundary of the subsystem. Explicitly, in
our case we can write
Sˆα(x, t) =
1
1− α log〈T (x, t)〉. (42)
In our chiral theory twist fields are products of chiral excitations. We refer to them as chiral twist fields τ and τ¯ .
Crucially, in CFT, they behave as primary fields, with scaling dimension ∆ = 124
(
α− 1α
)
[88]. In particular, two
regimes are expected: if, at time t, there are only two Fermi points at position x, then 〈T (x, t)〉 is a two-point function
in the chiral CFT that lives along the Fermi contour; if there are four Fermi points 〈T (x, t)〉 is a four-point function.
Specifically, at initial time, the Fermi contour Γ0 has a butterfly-shape in the (x, k) phase space (see Fig. 2, first
row, in the main text). Then, according to GHD, if (x0, k0) is a given point of Γ0, the corresponding point (xt, kt) of
the evolved contour Γt at a given time t is(
xt
kt/ω
)
=
(
cos(ωt) sin(ωt)
− sin(ωt) cos(ωt)
)(
x0
k0/ω
)
, (43)
meaning that Γt simply rotates at frequency ω. A natural choice of the coordinate s parametrizing the Fermi contour
is [65, 72]
s = pi
∫ x0
−R/2 dx/k0(x)∫ R/2
−R/2 dx/k0(x)
, (44)
where k0(x) =
√
2(µ− V0(x)) (here µ is the chemical potential and V0 the pre-quench potential, see main text) and
[−R/2, R/2] is the interval where V0 < µ. This provides a coordinate s ∈ [0, pi] for the upper part of the Fermi contour
at t = 0, which can be continued to s ∈ [pi, 2pi] to parameterize also the lower part.
Let x and t be such that there are two Fermi point. Then, they can be traced back to their initial positions at
t = 0 via Eq. (43) so that, at initial time, they are parametrized by s, Eq. (44). Denoting these two initial coordinates
along the Fermi contour by s1, s2, Eq. (42) becomes
Sˆα =
1
1− α log
(∣∣∣∣ds1dx
∣∣∣∣∆ ∣∣∣∣ds2dx
∣∣∣∣∆ 〈τ(s1)τ¯(s2)〉
)
, (45)
and
〈τ(s1)τ¯(s2)〉 = 1∣∣2 sin s1−s22 ∣∣2∆ . (46)
When at position x and time t we have four Fermi points, they can be traced back to positions s1, s2, s3, s4 along the
contour at time t = 0. Then Eq. (42) becomes
Sˆα =
1
1− α log
(
4∏
i=1
∣∣∣∣dsidx
∣∣∣∣∆ 〈τ(s1)τ¯(s2)τ(s3)τ¯(s4)〉
)
, (47)
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where
〈τ(s1)τ¯(s2)τ(s3)τ¯(s4)〉 =
∣∣2 sin s1−s32 ∣∣2∆ ∣∣2 sin s2−s42 ∣∣2∆∣∣2 sin s1−s22 ∣∣2∆ ∣∣2 sin s3−s42 ∣∣2∆ ∣∣2 sin s1−s42 ∣∣2∆ ∣∣2 sin s2−s32 ∣∣2∆ . (48)
The cutoff part (x, t) instead is not predicted by conformal invariance and has to be determined by other means.
Here, taking advantage of the free nature of the problem, we can rely on the Fisher-Hartwig conjecture [91–94].
Let us start with the uniform case and consider a split Fermi sea, identified by a number of Fermi points {θi}. The
cutoff is a function of them, that we denote as ({θi}). The expression for two Fermi points is well-known [93] and
can be generalized to a generic number of Fermi seas. The starting point is to write the entanglement entropy as the
contour integral
Sα =
1
2pii
∫
C
eα(λ)
d lnD(λ)
dλ
, (49)
where eα(λ) =
1
1−α log(x
α + (1− x)α) and D(λ) = det(λ−C). C is the correlation matrix of the subsystem A and is
a Toeplitz matrix. The symbol of such matrix in the case of multiple Fermi seas reads
g(θ) =
{
1 if θ ∈ Fermi seas,
−1 if θ 6∈ Fermi seas. (50)
Hence the symbol defining D(λ) is g˜(θ) = λ − g(θ). If we consider P Fermi seas, such function has Q = 2P
discontinuities, and can be represented as
g˜(θ) = ψ(θ)
Q∏
i=1
tβi(λ),θi(θ), (51)
where the points {θi} correspond to the location of the discontinuities (i.e., the Fermi points), ψ(θ) is the same as for
a single Fermi sea [93] and for k ∈ N
β2k(λ) = −β2k+1(λ) = β(λ) ≡ 1
2pii
ln
(
λ+ 1
λ− 1
)
, tβi,θi(θ) = exp[−iβi(λ)(pi − θ + θi)]. (52)
The Fisher-Hartwig conjecture provides the asymptotics of D(λ). We are only interested in the additive constant
(with respect to the subsystem size) part of D(λ), which provides the cutoff. In particular, we only consider the part
of the constant term which depends on {θi}, omitting an overall function of λ (such function does not depend on the
number of Fermi seas). This is ∏
1<=i 6=j≤Q
(
1− ei(θi−θj)
)βiβj
. (53)
The logarithmic derivative in (49) then gives
d
dλ
∑
i6=j
βi(λ)βj(λ) ln
(
1− ei(θi−θj)
) = (dβ(λ)2
dλ
)∑
i 6=j
(−1)i+j ln(1− ei(θi−θj)) = 4β′(λ)β(λ)({θi}), (54)
where, in the last equality, we factorised the same expression appearing in the case of a single Fermi sea. Hence we
can read off the cutoff as
({θi}) = 1
12
(
1 +
1
α
)1
2
∑
i 6=j
(−1)i+j ln
(
1− ei(θi−θj)
) . (55)
One can verify that Eq. (55) reduces to the known expressions in the case of a single Fermi sea [93] and the case of
many but symmetric Fermi seas [95, 96].
Finally, for inhomogeneous systems, we just need to replace these fermi points with the spacetime dependent ones
θi → θi(x, t). The final results is given by Eq. (41), together with Eqs. (45),(46),(47),(48),(55), up to a non-universal
constant. Actually, also such constant can be deduced from the result in the homogeneous model and it is given by
Φα =
Υα
2
× P (56)
where Υ1 ' 0.4950179 . . . for the von Neumann entropy (α = 1) and the expression for generic α can be found in [93].
